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THREEFOLDS WITH BIG AND NEF
ANTICANONICAL BUNDLES I
PRISKA JAHNKE, THOMAS PETERNELL, IVO RADLOFF
Introduction
As one of the first applications of Mori theory, Mori andMukai classified (smooth)
Fano threefolds with Picard (or second Betti) number at least 2. In differential geo-
metric terms, this is the same as classifying smooth threefolds with positive Ricci
curvature. It is clearly interesting to consider the situation when we “degenerate”
the positivity condition, i.e. we consider threefolds whose anticanonical bundles are
no longer ample but only big and nef. E.g. there exists a metric with semipositive
Ricci curvature which is positive at some point. Recall that −KX nef is to say that
(−KX) · C ≥ 0 for all curves C ⊂ X. This automatically implies (−KX)3 ≥ 0 and
bigness is just saying that (−KX)3 > 0. We will call a threefold X with −KX big
and nef (but not ample) an almost Fano threefold.
With this paper we begin the classification of smooth almost Fano threefolds X .
Due to the complexity of the problem we first study almost Fano threefolds with
Picard number two. The classification in the Fano case uses essentially the fact
that there are two Mori contractions (= contractions of an extremal ray) which are
transversal in some sense. In our case we only have one Mori contraction at our
disposal. The second Mori contraction is substituted by the morphism associated
with the base point free linear system |−mKX |,m ≫ 0. This morphism is clearly
more difficult to handle than a “simple” Mori contraction. The present article is
dealing with the case that |−mKX |,m ≫ 0, is divisorial, while the second part
will treat the case where this morphism is small, i.e. contracts just finitely many
curves.
To be a little more precise, the setup of the paper is as follows. Call the extremal
ray contraction φ : X −→ Y ; on the other hand, the base point free theorem
guarantees that |−mKX | is spanned for m≫ 0. After Stein factorization we get a
second map ψ : X −→ X ′ and a diagram
X
ψ
//
φ

X ′
Y.
Here X ′ is a canonical Gorenstein Fano threefold, i.e., −KX′ is ample, but X ′ is
singular with mild singularities. Using Mori’s classification of what φ : X −→ Y can
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be, φ is a either a del Pezzo fibration over P1, a conic bundle over P2 or birational
with a very precise structure. We shall treat all these cases separately.
The final result being a quite long list, we will not reproduce it here but just point
out the places in the paper where the explicit classification results occur: these are
the theorems 2.2, 2.5, 2.6, 2.8, 2.9, 3.2, 3.4., 3.13, 4.9, 4.11, 5.2.
It is interesting to note that not all almost Fano threefolds occur as degenerations
of Fano threefolds, instead there occur completely new cases.
The authors want to thank the DFG Schwerpunkt “Global Methods in Complex
Geometry” for significant and indispensable support of our project.
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1. Preliminaries
1.1. Notation. Let X be a smooth projective threefold with −KX big and nef,
called almost Fano. We always assume that X is not Fano. Moreover we assume
ρ(X) = 2. Then −mKX will be spanned for suitable large m. Throughout this
paper ψ : X → X ′ will denote the morphism (with connected fibers) associated
with |−mKX |. We suppose that ψ is not small; by our assumption this means that
ψ contracts an irreducible divisor which will be denoted by D. Notice that X ′ is
Gorenstein with only canonical non-terminal singularities. In accordance with the
literature, we define the genus g of X by g + 2 = h0(X,−KX) and call a general
member S ∈ |−KX | a general elephant.
The existence of a K3-elephant was proved by Shokurov for the smooth case
in [Sho80], and by Reid in [R83] for Gorenstein Fano threefolds with canonical
singularities.
1.2. Proposition. Let X be a smooth almost Fano threefold. Then
g + 2 = h0(X,−KX) = χ(X,−KX) =
(−KX)3
2
+ 3
and (−KX)3 is even (Riemann-Roch).
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1.3. Proposition. If −KX is spanned, the map X → W ⊂ Pg+1 associated to
the linear system |−KX | factorises as µ ◦ ψ with a finite morphism
µ : X ′ −→W ⊂ Pg+1
which has degree at most 2 and actually it has degree 1 unless (−KX)3 ≤ 8 (the X ′
where µ has degree 2 are called hyperelliptic). If degµ = 1, then µ is an embedding.
Proof. The paper [IP99], Proposition 2.1.15 shows that deg µ ≤ 2. For the hyper-
elliptic case see Proposition 1.6 below. The last statement follows from Mumford’s
criterion [Mum69], considering a general elephant. 
As in Fano classification, Gorenstein Fano threefolds X ′ with canonical singular-
ities where |−KX′ | is not base-point free or not very ample will occur as exceptional
cases. We have the following classification from [JR04]:
1.4. Theorem. Let X ′ be a Gorenstein Fano threefold with canonical singularities.
Assume |−KX′ | is not base point free. Then one of the following holds:
(1) dim(Bs|−KX′ |) = 0. In this case X ′ is a complete intersection of a cone
over a quadric in P3 and a general sextic in the weighted projective space
P(14, 2, 3) and Bs|−KX′ | = X ′sing is a single, terminal singularity.
(2) dim(Bs|−KX′ |) = 1. Then Bs|−KX′ | ≃ P1 and either
(i) X ′ is the blowup of a sextic in P(13, 2, 3) along an irreducible curve
of arithmetic genus one or
(ii) X ′ ≃ S× P1, where S is a del Pezzo surface of degree 1 with at most
Du Val singularities or
(iii) X ′ = X ′2m−2 is an anticanonical model of the blowup of the variety
Um (see below) along a smooth, rational complete intersection curve
Γ0 ⊂ Um,reg for 3 ≤ m ≤ 12.
Here Um denotes a double cover of P(OP1(m) ⊕OP1(m − 4) ⊕ OP1) with at worst
canonical singularities, such that −KUm is the pullback of the tautological line
bundle O(1). For m ≥ 4, this is a hyperelliptic Gorenstein almost Fano threefold
of degree 4m− 8. The curve Γ0 lies over the complete intersection of some general
element in |O(1)| and the “minimal surface” B ∈ |O(1) −mF |, where |F | denotes
the pencil (note that Γ0 is always contained in the ramification locus). If m = 3,
then Γ0 is the only curve, on which −KU3 is not nef. For details of the construction
see [JR04], section 5.
The threefolds in (i) and (ii) are the expected degenerations of the smooth case.
New in a sense are (1) (see [Me99]) and (iii). The intersection in (1) is a degeneration
of V2, a double cover of P3 ramified along a smooth sextic, but here |−KV2 | is
spanned. The examples in (iii) are not Q-factorial and have one isolated canonical
singularity. We therefore get
1.5. Corollary. Let X be a smooth almost Fano threefold with ρ(X) = 2, such
that X is not Fano and the anticanonical map ψ is divisorial. Then |−KX | is base
point free.
Proof. By assumption, the image X ′ of the morphism ψ, defined by |−mKX | is
a Q-factorial Gorenstein Fano threefold with canonical, non-terminal singularities
and Picard number one. 
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The classification of hyperelliptic Fano threefolds is due to Iskovskikh in the
smooth case ([I78]) and to Cheltsov, Shramov and Przyjalkowski for Gorenstein
Fano threefolds with canonical singularities ([CSP04]). In our situation we have
1.6. Proposition. Let X be a smooth almost Fano threefold with ρ(X) = 2, such
that the anticanonical map is divisorial. If the anticanonical model X ′
2:1
−→ W is
hyperelliptic, then we are in one of the following cases
(1) (−KX)3 = 2, W = P3 and X ′ →W is ramified along a sextic;
(2) (−KX)
3 = 4, W ⊂ P4 is a quadric and X
′ →W is ramified along a quartic;
(3) (−KX)3 = 8, W is the cone in P6 over the Veronese surface in P5 and
X ′ = X6 ⊂ P(13, 2, 3), i.e., X ′ →W is ramified along a cubic.
All of these threefolds are the expected degenerations of Iskovskikh’s list.
Proof. We have X
ψ
−→ X ′
µ
−→W ⊂ Pg+1 with ψ divisorial and µ a double cover of
a threefold W of minimal degree, i.e. deg(W ) = codim(W ) + 1. Varieties with this
property are classified by Bertini ([B07]), whereafter W is one of P3, a quadric in
P4, the cone over the Veronese surface or a (cone over a) rational scroll. By a cone
over a (rational) scroll we mean the image of
F(d1, d2, d3) = P(OP1(d1)⊕OP1(d2)⊕OP1(d3)), d1 ≥ d2 ≥ d3 ≥ 0
in Pd1+d2+d3+2 under the map associated to the tautological system |O(1)|. Note
that this is free. For d3 ≥ 1, the cone and F(d1, d2, d3) are isomorphic. The pencil
of F(d1, d2, d3) is denoted by |F |. If in our situation W is a cone over a scroll, then
d3 = 0, since ρ(X
′) = 1.
1.) If d2 = 0, then W is a double cone over a rational normal curve of degree
d1. The double cover X
′ will have canonical singularities along a curve. There are
dissident singular points, which are not cDV, hence a resolution of singularities will
not have Picard number two.
2.) Assume d2 > 0, i.e. W is a cone over a Hirzebruch surface. In this case, the
map σ : F(d1, d2, 0)→W is a small resolution and may be viewed as blowup of W
along the Weil divisor σ(F ). Since X is smooth, we obtain an induced birational
map X → F(d1, d2, 0), mapping the exceptional divisor D of ψ to the curve in
F(d1, d2, 0) contracted by σ. This contradicts ρ(X) = 2. 
For small genus we find in our situation (see [IP99], Proposition 4.1.12. for the
smooth case):
1.7. Proposition. Let X be a smooth almost Fano threefold with ρ(X) = 2,
such that the anticanonical map ψ : X → X ′ is divisorial. Assume X ′ is not
hyperelliptic.
(1) If g = 3, then X ′4 ⊂ P4 is a quartic.
(2) If g = 4, then X ′2,3 ⊂ P5 is a complete intersection of a quadric and a cubic.
(3) If g = 5, then X ′2,2,2 ⊂ P6 is a complete intersection of three quadrics.
Proof. Since the canonical curve section C ⊂ X ′ is a smooth canonical curve of
genus g, (1) and (2) are easily obtained.
Assume g = 5. We have two possible cases: either X ′ is cut out by quadrics or
it is trigonal. Since X ′ is already a complete intersection in the first case, assume
the latter one. Then by [CSP04], X ′ is the anticanonical model of an almost Fano
threefold V with canonical singularities, where V is a divisor in |O(3)+π∗OP1(−1)|
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on the projective bundle π : P(⊕4i=1OP1(di))→ P1, where either d1 = d2 = d3 = 1,
d4 = 0 or d1 = 2, d2 = 1, d3 = d4 = 0. Neither case is possible in our situation: in
the first case the map V → X ′ is small and in the second case the Picard number
of X ′ is greater than one. 
By definition, the anticanonical map ψ is a birational contraction. The assump-
tion ρ(X) = 2 guarantees that ψ is primitive, i.e. it does not factor. The structure
of the exceptional locus of such contractions is studied by Wilson, Paoletti and
Minagawa. We have in our situation
1.8. Proposition [Wilson, Paoletti, Minagawa]. Let X be a smooth almost
Fano threefold with ρ(X) = 2, such that the anticanonical map ψ : X → X ′ is
divisorial, contracting the divisor D to a curve B. Let lψ be a general exceptional
fiber. Then
(1) B is a smooth curve of cDV singularities, X = BlB(X
′);
(2) D is a conic bundle over B; each fiber is either isomorphic to a smooth
conic or to a line pair. In particular, D.lψ = −2.
Proof. [W92], [W97], [Pa98] and [Mi03]. 
2. Del Pezzo fibrations
In this section we consider threefolds with −KX big and nef admitting a del
Pezzo fibration.
2.1. Setup. We fix for this section the following setup. X is almost Fano, i.e.
a smooth projective threefold with −KX big and nef, but not ample. As usual
ρ(X) = 2 and we suppose that ψ is divisorial. Suppose that φ : X → P1 is a del
Pezzo fibration, which is the contraction of an extremal ray, since ρ(X) = 2. Let F
denote a general fiber of φ. Notice that K2F 6= 7 and that F is normal [Mo82]. We
put F ′ = ψ(F ) and F ′′ = µ(F ′).
2.2. Theorem. Suppose that φ is a P2−bundle and write X = P(E) with a
rank 3-bundle E . Normalize E in the following way: E = O(a1) ⊕ O(a2) ⊕ O with
a1 ≥ a2 ≥ 0. Then either
(1) a1 = a2 = 1, and ψ contracts the unique section C0 with normal bundle
NC0 = O(−1)⊕O(−1) (but here ψ is small), or
(2) a1 = 2, a2 = 0, and ψ contracts the divisor D = P(O ⊕ O) ⊂ X (Case
A.2,no.1).
In both cases −KX is indeed nef.
Proof. The condition that −KX is nef, but not ample, can be rewritten as follows:
E ⊗
det E∗
3
⊗O(
2
3
) = E ⊗ O(
−a1 − a2 + 2
3
)
is nef but not ample. Hence a1 + a2 = 2 and we are in one of the both cases stated
in the theorem. The bigness of −KX is translated into
c1(E ⊗
det E∗
3
⊗O(
2
3
)) > 0
and is therefore automatically fulfilled. The rest of the claim is clear. 
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From now on we shall assume that F 6= P2 (for some or - equivalently - all fibers).
2.3. Setup. Consider the unique irreducible prime divisor D contracted by ψ.
Since −KX is φ−ample, KX |D 6≡ 0, hence the divisor D cannot be contracted to
a point by ψ, and we denote B = ψ(D). Let lψ be the general fiber of ψ. Then by
(1.8)
D · lψ = −2 (2.3.1)
and lψ is a conic in P2. Since ρ(X/X
′) = 1, this must be true for all fibers of ψ.
Now write
D = −αKX − φ
∗(O(β)) = −αKX − βF, (2.3.2)
with rational numbers α and β and F a fiber of φ. Thus DF ∈ | − αKF |, hence
α > 0 and actually α is an integer, unless possibly F is a quadric. This comes
from the existence of (−1)−curves in del Pezzo surfaces F with K2F ≤ 7. If F is a
quadric, then we can at least say that α ∈ 12Z. This special case that α is not an
integer is excluded from now on and will be treated in (2.9) separately.
Since now α is an integer, also β is an integer and from (2.3.1) and (2.3.2) we defer
β = 1, F · lψ = 2 or β = 2, F · lψ = 1. (2.3.3)
We finally notice that K2X ·D = 0 gives
α(−KX)
3 = βK2F . (2.3.4)
2.4. Proposition. Suppose in (2.3) that β = 2. Then either α = 1 or (−KX)3 =
2, α = 3 or (−KX)3 = 4, α = 2.
Proof. We will compute g = g(B) in two different ways. Comparing both formulas,
we will then arrive at our claim. We notice that by (2.3.4): α(−KX)
3 = 2K2F , in
particular (−KX)3 ≤ 16.
(1) We will use the exact sequence
0→ H0(X ′, IB ⊗−αKX′)→ H
0(X ′,−αKX′)→ H
0(B,−αKX′ |B)→
→ H1(X ′, IB ⊗−αKX′)→ 0.
Notice
h0(X ′, IB ⊗−αKX′) = h
0(X,−αKX −D) = h
0(X, 2F ) = 3.
Next we observe that
Hq(X ′, IB ⊗−αKX′) = 0 (∗)
for q ≥ 1. In fact,
Hq(X,−αKX −D) = H
q(X, 2F ) = 0
for q ≥ 1 and thus the apparent vanishing
Rqψ∗(−αKX −D) = R
qψ∗(−D)⊗ (−αKX′) = 0
for q ≥ 1 yields the vanishing (*). Next we compute
h0(B,−αKX′ |B).
First of all, −KX′ · B = −KX ·D · F so that
−KX′ ·B = αK
2
F . (A)
Thus
χ(B,−αKX′ |B) = 1− g + α
2K2F =
α3
2
(−KX)
3 + 1− g.
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Now by Kodaira vanishing and (*)
H1(B,−αKX′ |B) = H
2(X ′, IB ⊗−αKX′) = 0
so that
h0(B,−αKX′ |B) =
α3
2
(−KX)
3 + 1− g.
We arrive finally at
h0(−αKX′) = 4− g +
α3
2
(−KX)
3.
Putting in Riemann-Roch and Kodaira vanishing to compute h0(−αKX) we obtain
g = (
α3
3
−
α2
4
−
α
12
)(−KX)
3 − 2α+ 3. (∗∗)
(2) On the other hand, B ≃ D · F since ψ|F is an isomorphism (F · lψ = 1). Thus
adjunction and DF ∈ | − αKF | gives
2g − 2 = α(α− 1)K2F
so that
g =
α2(α − 1)
4
(−KX)
3 + 1. (∗ ∗ ∗)
Putting (**) and (***) together, we obtain
(
α3
12
−
α
12
)(−KX)
3 − 2α+ 2 = 0. (+)
Of course (+) is always fulfilled if α = 1. If however α ≥ 2 we have only the two
solutions stated above; here of course we also use α(−KX)3 = 2K2F . 
2.5. Theorem. In (2.4) the exceptional cases that α = 2 and (−KX)3 = 4 resp.
α = 3, (−KX)3 = 2 really occur and are described as follows:
(1) let B ⊂ P4 be a smooth complete intersection of three quadrics and let
π : Pˆ → P4 be the blowup of P4 along B with exceptional divisor E. Then
X is a smooth member of π∗(O(4))− 2E; here (−KX)3 = 4, (A.2,no.2);
(2) X is a degree 2 covering over the 3-dimensional quadric blown up in the in-
tersection of two quadrics; the ramification being in two fibers of the natural
del Pezzo fibration of the blown up quadric; again (−KX)3 = 4, (A.2,no.2);
(3) X is a degree 2 covering over P3 blown up in the smooth intersection of two
cubics; the ramification being in two fibers of the natural del Pezzo fibration
of the blown up projective space; here (−KX)3 = 2, (A.2,no.3).
Proof. We consider the two cases separately:
(1) α = 2, (−KX)3 = 4, or
(2) α = 3, (−KX)3 = 2.
(1) Here we obtain g(B) = 5 and degB = 8 and B is a complete intersection of
three quadrics.
First suppose that µ : X ′ → P4 is an embedding. The converse construction
is obvious: we take B to be a complete intersection of three smooth quadrics
in P4. Then B has genus 5 and we let Pˆ be the blowup of P4 along B. Since
h0(P4, IB(2)) = 3, the Fano 4-fold Pˆ carries a contraction f : Pˆ → P2. If Q is a
smooth quadric containing B, then its strict transform Qˆ ⊂ Pˆ is a Fano threefold
and f |Q : Q→ P1 is the second contraction whose fiber F has K
2
F = 4. Now let X
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be a smooth member of |f∗(O(2))|. We have D = −2KX − 2F so that α = 2 and
β = 2.
The other case is that µ is a degree 2 covering over a quadric Q. In that case
the image B′ = µ(B) ⊂ Q ⊂ P4 is a smooth curve of genus 5 and degree 8
(since B′ cannot be in the singular locus of Q, we must have deg µ|B = 1). From
D = −2KX − 2F and the numerical data, we easily obtain
φ∗(−KX) = O
5
(see the proof of (2.6) for some detailed computations). Since H0(−KX − F ) = 0,
we also have H0(−KX) = H0(−KF ). Thus X embeds in P(φ∗(−KX)) = P1 × P4.
The covering part of X → Q3 is completely induced by P1; in other words, there
exists a del Pezzo fibration Z → C = P1 and a degree 2 covering P1 → C inducing
φ by base change. Moreover we have a birational map Z → Q3.
Conversely, let π : Qˆ→ Q3 be the blowup of B′ in Q3. Then Qˆ is Fano and carries
a del Pezzo fibration p : Qˆ→ P1 such that K2F ′ = 4 for the fibers F
′ of p. Observe
that p is defined by π∗(O(2)− E), where E is the exceptional divisor. Let
R ∈ |p∗(O(2))| = |π∗(O(−2))⊗−2KQˆ|
be general and let τ : X → Qˆ be the degree 2 covering branched along R. Then
−KX = τ∗π∗(OQ3(1)) and X fulfils all requirements.
(2) Here we have a holomorphic map µ : X ′ → P3 defined by | −KX′ | of degree 2.
Let R ⊂ P3 be the ramification locus. Since KX′ = µ∗(KP3 + R/2), we must have
degR ≤ 6. If degR 6= 6, then −KX would be divisible, contradicting K2F = 3. Let
R′ = µ−1(R), of course R′ ≃ R. Then B ⊂ R′, since X ′ is singular along B. Then
the formula (***) from the proof of (2.4) yields g(B) = 10 and formula (A) gives
degB = 9 in P3.
Conversely, let B ⊂ P3 be the smooth complete intersection of two cubics and Pˆ
the blowup of B. Then Pˆ is Fano with a del Pezzo fibration p : Pˆ → P1 defined by
π∗(O(3))−E. Now let X be the degree 2 covering ramified along a smooth element
of |p∗(O(2))|. 
2.6. Theorem. Suppose in (2.3) that β = 2 and α = 1. Then (−KX)3 ∈
{4, 6, 8, 10, 12, 16}. If 2d := (−KX)3, then X ⊂ P(OP1(2) ⊕ O
d) if d ≥ 3 resp.
X is a two-sheeted cover of P(OP1(2)⊕O
d) if d = 2 (A.2,no.4-9).
The cases d = 2, 3, 4, 8 really exist; see Example 2.7 below. However it seems to
be a possibly difficult problem to determine whether d = 5, 6 are possible.
Proof. Since β = 2, (2.3.3) gives F · lψ = 1. Hence all lψ are irreducible and thus
ψ|D is a P1−bundle. Moreover ψ|F is an isomorphism, so F ′ = ψ(F ) ≃ F. From
(2.3.1) we obtain
−KX′ − 2F
′ ≡ 0.
On the other hand, 2F +D · lψ = 0, hence 2F ′ is Cartier in X ′. Since X ′ is Q−Fano,
this implies
2F ′ ∈ | −KX′ |. (2.6.1)
By (2.3.4) we have (−KX)3 = 2K2F ≤ 16, and (−KX)
3 6= 14. First we consider the
cases that d = 1 and d = 2.
Case K2F = 1. Then (−KX)
3 = 2 and h0(−KX) = 4. Moreover µ : X ′ → P3 has
degµ = 2; on the other hand, −KX′ · B = 1 by (A) in (2.4), so that deg(µ|B) = 1
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and µ(B) is a line, contradicting the fact that g(B) = 1 by (***) in (2.4). So
K2F = 1 is ruled out.
Case K2F = 2, i.e. (−KX)
3 = 4. Since h0(−KF ) = 3 and h
0(−KX) = 5, the map
H0(−KX)→ H0(−KF ) is surjective. Therefore µ : X ′ → P4 is a 2:1-covering over
a singular quadric Q ⊂ P4 and F is mapped to a plane in P4 by µ ◦ψ. We compute
easily from the given data and from D = −KX − 2F that
φ∗(−KX) = O(2)⊕O
2.
The canonical map X → P(O(2) ⊕O2) is a degree 2 covering. By contracting the
exceptional divisor in P(O(2) ⊕ O2), we obtain a birational map to the singular
quadric Q from above and all maps commute.
Of course this construction can be reversed, but X can also be constructed as
follows. Consider the Fano manifold V2, the degree 2 covering of P3 of index 2. Let
B ⊂ V2 be a complete intersection of two general elements in the half-anticanonical
system. Then B is an elliptic curve. Let π : Vˆ → V2 be the blowup of B. Then Vˆ
has a natural del Pezzo fibration p provided by π∗(O(1))−E. Now we let τ : X → Vˆ
be the degree 2 covering ramified along p∗(O(2)). Notice that one section of −KX
is not the pullback under τ !
From now on suppose d ≥ 3. Write
φ∗(−KX) =
r⊕
i=1
O(ai)
with a1 ≥ a2 . . . ≥ ar. Then
φ∗(OX(D)) =
⊕
i
O(ai − 2).
Since h0(OX(D)) = 1, we have a1 = 2 and ai ≤ 1 for i ≥ 2. Since H1(−KX) = 0,
the only negative summands can be of type O(−1), hence
φ∗(−KX) = O(2)⊕O(1)
u ⊕Ov ⊕O(−1)w.
Therefore h0(−KX) = 3 + 2u+ v and since h0(−KX) = d+ 3, we obtain
d = 2u+ v.
By h0(−KF ) = d+1, the bundle φ∗(−KX) has rank r = d+1. Now we claim that
h0(−KX − F ) = 2. In fact, every section of −KX − F has to vanish on D, simply
because −KX − F is negative on the fibers of D → B. Hence
h0(−KX − F ) = h
0(−KX − F −D) = h
0(F ) = 2.
Therefore u = 0 and v = d. Now the rank condition implies w = 0 so that
φ∗(−KX) = O(2)⊕O
d.
Since −KX is φ−very ample, we obtain an embedding X ⊂ P(φ∗(−KX)). 
2.7. Example. (1) Let E = O(2) ⊕ Od and η = OP(E)(1). For d = 2 see the
proof of (2.6). In the case d = 3, 4 simply take X as a general member of |3η| or a
complete intersection of two members of |2η|, respectively. Note that η is spanned.
(2) Suppose now that d = 8, i.e. φ : X → P1 is a quadric bundle. Here (−KX)3 =
16. If lφ denotes a line in a fiber of φ, then −KX ·lφ = 2. Since moreover−KX ·lψ = 0
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and since every curve in X is numerically a linear combination of lφ and lψ with
integer coefficients, −KX is divisible by 2 : there is a line bundle L such that
−KX = 2L.
Observe L3 = 2 and h0(L) = 4. Moreover L = ψ∗(L′) and −KX′ = 2L′. By Fujita’s
results [Fu90], [IP99], L′ is spanned and provides a double cover X ′ → P3, ramified
along a quartic. Conversely, we argue as follows. Two general quadrics q1, q2 in P3
meet in a smooth elliptic curve B. Let X ′ be the 2:1-covering of P3, ramified along
a general quartic in H0(P3,O(4)⊗I2B). The blowup of X
′ in the reduced preimage
of B is a smooth threefold X . The anticanonical divisor is the pullback of OP3(2),
and X admits a pencil defined by q1, q2. Here D = −KX − 2F .
2.8. Theorem. In the setting of (2.3) suppose that β = 1. Then X is one of the
following and all these cases really exist.
No. −K3X K
2
F X
′ d/gB (α, β)
1 2 2 2:1-cov. of P3, ram. sextic 1/0 (1, 1)
2 4 4 X ′4 ⊂ P4 or
2:1-cov. of Q3, ram. quartic
2/0 (1, 1)
3 8 8 2:1-cov. of Ver. cone 4/0 (1, 1)
4 2 4 2:1-cov. of P3, ram. sextic 4/1 (2, 1)
These are the cases (A.2),no.10-13.
Proof. Suppose that β = 1. Then D = −αKX−F and α(−KX)3 = K2F . This leads
to the following cases.
• α = 1 and (−KX)3 = K2F = 2, 4, 6, 8;
• α = 2 and (−KX)3 = 2, 4;K2F = 4, 8, respectively;
• α = 3 and (−KX)3 = 2,K2F = 6;
• α = 4 and (−KX)
3 = 2,K2F = 8.
Since F · lψ = 2, we have
−KX′ ·B = −
1
2
KX ·D · F =
α
2
K2F = α
α
2
(−KX)
3. (∗)
Now we proceed as in the proof of (2.4) and obtain the following formula for the
genus g of the curve B.
g = (−KX)
3(
α3
3
−
α2
4
−
α
12
)− 2α+ 2. (∗∗)
The second method to compute g unfortunately fails, since DF → B is now a degree
2 covering.
(1) Suppose α = 1. Then g = g(B) = 0 and D = −KX − F.
(1.a) If (−KX)3 = K2F = 2, then φ∗(−KX) = O(1) ⊕ O
2. This follows easily
from the intersection numbers and h0(−KX − F ) = 1. The map X ′ → P3 is a
two-sheeted cover and so does X → P(O(1) ⊕O2) which is just P3 blown up in a
line. Conversely, let R ∈ |4ζ + π∗(O(2))| be smooth and g : X → P(O(1) ⊕ O2)
be the two-sheeted cover branched along R. Let D = g∗(P(O2)). Then there is a
contraction X → X ′ along a projection of D, the variety X ′ admits a covering
X ′ → P3 and this commutes with the blowdown P(O(1)⊕O2)→ P3.
(1.b) Now suppose (−KX)3 = K2F = 4. Here X
′ ⊂ P4 of degree 4 or X ′ → Q
is a degree 2 covering over a quadric. The bundle φ∗(−KX) is or rank 5 with 5
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sections and therefore is of the form O(1) ⊕O3 ⊕ O(−1). Moreover the canonical
map X → P(O(1) ⊕ O3 ⊕ O(−1)) is either an embedding or a two-sheeted cover
over its image.
In case of an embedding, we can describe X also as follows. Notice that by (∗),
the smooth rational curve B is a conic, contained in some P2 ⊂ P4, defined by two
hyperplanes H1 and H2. For X
′ choose a general quartic in |OP4(4)⊗I
2
B/P4
|. After
blowing up B we obtain X with −KX ≃ ψ∗OP4(1) big and nef and (−KX)
3 = 4.
The pencil 〈H1, H2〉 defines a del Pezzo fibration X −→ P1 with general F having
K2F = 4. The case µ : X
′ → Q3 is analogous.
(1.c) If (−KX)
3 = K2F = 6, then X
′ ⊂ P5 is a complete intersection of a cubic Z
and a quadric Q and B is a twisted cubic. In particular µ is an embedding. Let π :
Pˆ → P5 denote the blowup of P5 along B. Then X ⊂ Pˆ is the complete intersection
of the strict transforms Zˆ and Qˆ. Using adjunction and −KX = π∗(O(1)), we have
Zˆ ∈ |π∗(O(3)) − 2E|
and
Qˆ ∈ |π∗(O(2))− E|.
Now B is contained in a 3-dimensional linear subspace Y ⊂ P5. We claim that
H0(Y, I2B(3)) = 0. It is classical that we find a smooth quadric Q2 ⊂ Y containing
B. Now B is a curve of type (say) (2, 1) (possibly after permuting the factors),
therefore
H0(Q2, I
2
B(3)) = H
0(Q2,O(−1, 1)) = 0
and thus the vanishing is achieved.
We conclude that Y ⊂ Z. Any component of the singularity set of Z is either
contained in B or disjoint from Q ∩ Z. Consider the exact sequence of conormal
sheaves
0→ N∗Z/P5 |Y → N
∗
Y/P5
→ N∗Y/Z → 0
which reads
0→ O(−3)→ O(−1)⊕O(−1)→ N∗Y/Z → 0.
The map γ : N∗Z/P5 |Y → N
∗
Y/P5
is given by sections s1, s2 ∈ H0(OY (2)). Since we
already know that the zero locus of γ is contained in B and since B has degree 3,
we obtain a contradiction and rule out this case.
(1.d) If (−KX)3 = K2F = 8, then either X
′ ⊂ P6 has degree 8 and B has degree
4 or X ′ is a degree 2 covering over the cone over the Veronese surface. We will
exclude the first case and show that the latter leads to an example. In the first
case X ′ is the complete intersection of three quadrics and B is a smooth rational
curve of degree 4 in X ′. Blowing up P6 along B and computing as in (1.c), two
of the quadrics are in |O(2) − E| while the third one, say Q, is in |O(2) − 2E|.
The quadric Q is singular along B. Since Qsing is a linear subspace of P6, while
B neither is a line nor a plane curve, we conclude Qsing ≃ P3. Hence B is the
complete intersection of two quadrics in P3. But this is not a rational curve.
It remains to treat the case that X ′ is a degree two covering of the Veronese cone
in P6. Choose two general hyperplanes H1 and H2. The intersection with the
Veronese cone gives C4. Choose a general cubic in OP6(3) ⊗ I
2
B/P6
and let X ′ be
the double covering of the Veronese cone, ramified along this cubic. After blowing
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up B we get X and a pencil X −→ P1 with general fiber P1 × P1, 2 : 1 over P2
ramified along a conic.
(2.a) If α = 2 and (−KX)
3 = 2, we obtain g(B) = 1 and −KX′ ·B = 4. Since B is
the singular locus of X ′, the curve B must be inside the ramification of µ and thus
degµ|B = 1. Thus B′ = µ(B) is an elliptic curve in P3 of degree 4. Therefore B is
the complete intersection of two quadrics. Also observe that F is mapped onto a
quadric F ′ ⊂ P3. Therefore the image Z of X → P(φ∗(−KX)) is a quadric bundle
over P1 which admits a birational map to P3. This must be the blowup of B
′.
In order to construct X , we start with B′ ⊂ P3 and let π : Pˆ → P3 be the blowup
of B′ ⊂ P3. Then Pˆ is a quadric bundle over P1. We want to construct X as 2:1
covering over Pˆ . Denote by p : Pˆ → P1 the quadric projection and observe that
−KPˆ −π
∗(O(2)) is trivial on the fibers Fˆ of p so that −KPˆ −π
∗(O(2)) = p∗(O(1)).
In particular, the bundle −2KPˆ − π
∗(O(2)) is spanned and we let R be a general
member of the associated linear system. Since R is divisible by 2, we can take the
two-sheeted cover g : X → Pˆ ramified along R. Then
KX = g
∗(KPˆ −R/2) = g
∗π∗(O(−1))
so that −KX is big and nef but not ample. The induced map X → P1 has general
fiber F with K2F = 4; moreover (−KX)
3 = 2. It is also easy to check that α = 2
and β = 1.
(2.b) If α = 2 and (−KX)3 = 4, then g(B) = 4 and −KX′ · B = 8. The map
µ : X ′ → P4 is either an embedding or a 2:1 covering over a quadric Q3 ⊂ P4.
First we consider the case where µ is an embedding. In that case B ⊂ P4 is a
smooth curve of degree 8. From F = −2KX −D we infer that B is contained in
a pencil of quadrics in P4. From F · lψ = 2 we infer that all the quadrics must be
singular along B. But B neither is a line nor a plane curve. Hence µ is not an
embedding.
If degµ = 2, then W ⊂ P4 is a quadric. Let B′ = µ(B). We claim that µ|B is
1 : 1 to B′. This is clear if W has at most an isolated singularity. If W is singular
along a curve, necessarily along a line, and if µ|B is not 1 : 1, then B′ must be the
singular locus of W , i.e. B′ is a line and B → B′ is 2 : 1. By Riemann-Hurwitz,
KB = µ
∗(O(−2)) + R′ so that degR′ = 10. On the other hand, R′ = B · R with
R ⊂ X ′ the branch locus of µ : X ′ → W. Since R = µ∗(O(1)), we obtain a contra-
diction to −KX′ ·B = 8.
So µ|B is 1 : 1 and B ⊂ R. Since D = −2KX − F , the images of F in W are
quadric surfaces in P4. Hence B
′ is contained in the intersection of three quadrics
in P4 and since degB
′ = 8, we have equality. But a smooth complete intersection
of three quadrics has genus 5.
If α = 3, then (−KX)3 = 2, moreover K2F = 6 and g(B) = 9 and −KX′ ·B = 9. Let
B′ = µ(B); notice that µ|B is an isomorphism. Then B′ is a smooth curve in P3
of degree 9 and genus 9. Since F ′′ = µ(F ′) has degree 3, B′ is in the intersection
of two hypersurfaces of degree 3, hence equals this complete intersection. But then
we obtain g = 10, contradiction.
If α = 4, the argument is completely the same: here g(B) = 28 and has degree 16.
Thus B′ ≃ B is the complete intersection of two quartics. But then the genus must
be 31, again a contradiction. 
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2.9. Theorem. Suppose in (2.3) that K2F = 8. If α is not an integer then either
X is a general divisor of the form 2ζ in P(O(2)⊕O3) over P1 (A.2,no.14)
or X is a general divisor of the form 2ζ + 2F in P(O(1) ⊕ O2 ⊕ O(−1)) over P1
(A.2,no.15).
Proof. We already know that α ∈ 12N. Suppose that α is not an integer. Then we
find an odd integer α˜ such that α = α˜2 .
(1) First suppose that β ∈ Z. Then by (2.3.3) β = 1, 2.
(1.a) β = 2. Then −KX2 is Cartier and using (2.3.4): α(−KX)
3 = 2K2F = 16,
which implies α˜ = 1, α = 12 and (−KX)
3 = 32. Let L = −KX2 = D + 2F so that
X ⊂ P(φ∗(L)). In order to determine φ∗(L) we compute by Riemann-Roch and
Kawamata-Viehweg
h0(L) = 6.
Moreover h0(LF ) = 4 so that φ∗(L) has rank 4. Using h
1(L) = 0 and h0(L−2F ) =
1, we find
φ∗(L) = O(2)⊕O
3 (A)
or
φ∗(L) = O(2)⊕O(1)⊕O ⊕O(−1). (B)
Write X = rζ + sF . A priori we know r = 2 and L = ζ|X.
In case (A) we get s = 0 in order to have −KX = 2L. Let
σ : P(O(2)⊕O3)→W
be the blowdown of P(O3) to a surface S ≃ P2 or equivalently, the morphism defined
by |ζ|. Then X = σ∗(X ′) and since X is irreducible, X ′ does not contain S so that
X ′ meets S in a curve B, so that X → X ′ contracts some divisor in X. Thus −KX
is nef (and big) but not ample.
In case (B), −KP = 4ζ is not nef exactly on C0 = P(O(−1)). Hence −KX = 2ζ|X
is nef exactly if C0 is not contained in X. However the base locus of each system
|mζ| contains C0, so that always C0 ⊂ X. Hence case (B) is ruled out.
(1.b) β = 1. Hence α(−KX)3 = K2F = 8 so that again α˜ = 1 and moreover
(−KX)3 = 16. Defining L as before we this time have L = D+F. Since h0(L) = 4,
it follows
φ∗(L) = O(1)⊕O
2 ⊕O(−1).
Here the adjunction formula and −KX = 2L force X = 2ζ + 2F . In order −KX is
nef, we need P(O(−1)) not to be contained in X which of course is true for general
choice of X .
(2) β 6∈ Z. Of course 2β ∈ Z and β = β˜2 with β˜ odd. Since D · lψ = −2, we obtain
β˜(F · lψ) = 4, hence β˜ = 1. By (2.3.4) (which is purely numerical and hence also
true here) we have
α˜
2
(−KX)
3 = α(−KX)
3 = βK2F = 8
β˜
2
= 4,
so α˜ = 1 and (−KX)
3 = 8.
From Riemann-Roch we compute
χ(X,OX(D)) = 1.
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Now consider the rank 4-bundle φ∗(OX(D)). Since h0(OX(D)) = 1 and, by the
Leray spectral sequence, Hq(X,OX(D)) = 0 for q = 2, 3, we deduce h1(OX(D)) =
0. Hence
φ∗(OX(D)) = O ⊕O(−1)
⊕3.
Writing again X = 2ζ + sF , we obtain s = 4 and −KX = 2ζ|X + F. Now P(O ⊕
O(−1)3) is nothing than P3 blown up in a line l. Let W = π(X). Since
X = 2ζ + 4F = π∗(O(4)) − 2E
with E the exceptional divisor of π, we have l ⊂ W. Therefore X contains curves
contracted by π and thus −KX = 2ζ + F cannot be nef. The fact that X contains
curves contracted by π is also clear from the fact that X is an ample divisor. 
3. Conic bundles
3.1. Setup. In this section φ : X → Y = P2 denotes a conic bundle with ρ(X) = 2.
As always we assume −KX big and nef but not ample. We do not assume that the
anticanonical morphism is divisorial until after Proposition 3.2.
The discriminant locus is denoted by ∆, if ∆ = ∅, then X is a P1−bundle. Set
d = deg∆.
We introduce the rank 3-bundle
E = φ∗(−KX)
which is relatively spanned, i.e., φ∗E −→ E is surjective. We obtain an embedding
X ⊂ P(E)
such that −KX = ζ|X. The divisor X ⊂ P(E) is of the form
(3.1.1) [X ] = 2ζ + π∗(O(λ))
with some integer λ. Then the adjunction formula yields
λ = 3− c1.
Here we use the shorthand ci = ci(E). Since
Hq(P(E),−ζ − π∗(O(λ))) = 0
for q = 0, 1, every section in H0(−KX) uniquely lifts to a section of ζ. We first
consider the case where E is not spanned:
3.2. Proposition. Assume E = φ∗(−KX) is not globally generated. Then X ′ is
hyperelliptic and X is a double covering of a Fano P1–bundle over P2
σ : X −→ P(F),
such that −KX = σ
∗OP(F)(1). The Fano bundle P(F) is one of the following:
(1) P3 blown up in a point, i.e., F = OP2 ⊕ OP2(1). Here E = OP2(−2) ⊕ F
and (−KX)
3 = 2 (A.3, no.9).
(2) Q3 blown up in a line, i.e., F sits in the exact sequence
0 −→ OP2(1) −→ F −→ Ip(1) −→ 0,
where Ip denotes the ideal sheaf of a point p ∈ P2. Here E = OP2(−1)⊕F
and (−KX)
3 = 4 (A.3, no.10).
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(3) P3 blown up in a twisted cubic, i.e., F sits in
0 −→ OP2(−1)
⊕2 −→ O⊕4
P2
−→ F −→ 0.
Here E = OP2(−1)⊕F and (−KX)
3 = 2 (A.3, no.11).
(4) The Veronese cone blown up in its vertex, i.e., F = OP2 ⊕ OP2(2). Here
E = OP2(−1)⊕F and (−KX)
3 = 8 (A.3, no.12).
In all these cases ψ is divisorial.
We have the following diagram in Proposition 3.2:
X
σ

ψ
// X ′
µ

P(F)
|OP(F)(1)|
// W
Proof. Think of Cp, the scheme–theoretic fiber of X over a point p ∈ P2, as a conic
in P(E(p)) ≃ P2. The vertical maps in
H0(P2, E) // E(p)
H0(X,−KX) // H
0(Cp,−KX |Cp)
are isomorphisms by which we identify these spaces. In this way we may think
of |H0(Cp,−KX |Cp)| as lines in P(E(p)). Since | − KX | is spanned, the image of
H0(X,−KX) −→ H0(Cp,−KX |Cp) is at least two dimensional, describing all lines,
or the family of lines through a given point outside Cp.
Now assume that E is not generated by global sections at the point b ∈ P2. Then
H0(X,−KX) −→ H
0(Cb,−KX |Cb) (∗)
is not surjective and the image is two dimensional. On P(E(b)), the map ψ is projec-
tion from a point. Except for the case Cb a double line, X
′ is clearly hyperelliptic,
and if R denotes the strict transform in X of the ramification divisor of X ′ −→W ,
then R · Cp = 2.
We now treat the case that Cb is not a double line for some base point b of E .
Denote by Cp a general conic and by C
′
p its strict transform under the hyperelliptic
involution. At b we have Cb = C
′
b. Hence, if H = φ
∗OP2(1), then 0 = H · Cp =
H ·Cb = H ·C′b = H ·C
′
p, implying that C
′
p will be a fiber of φ. But R ·Cp > 0, hence
Cp ∩ C′p 6= ∅ so that Cp = C
′
p. Then ψ is 2:1 on the generic conic and therefore
given by projection in P(E(p)) from some point.
We have proved the following in terms of vector bundles. If the canonical map
of global sections of
OP2 ⊗H
0(P2, E) −→ E
is not surjective at some point b ∈ P2 (corresponding to a reduced conic Cb), it has
rank 2 at the general point, hence its rank is 2 everywhere by (*). Thus we have
an exact sequence of vector bundles,
0 −→ F −→ E −→ L −→ 0,
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with L some line bundle. The rational projection
P(E) //___ P(F)
is defined outside the section S of P(E) corresponding to E −→ L. Since S∩X = ∅,
the projection is holomorphic on X , defining a 2:1–covering
σ : X −→ P(F), σ∗OP(F)(1) = −KX ,
factorizing ψ. By the Leray spectral sequence, H1(P(F),OP(F)(1)) = H
1(P2,F) =
0. Then L cannot be spanned, i.e.,
L = OP2(k), k < 0.
Since S ∩X = ∅, we can now compute L in terms of F . Using (3.1.1) and ζ|S = L,
we find
L⊗2 ≃ det E ⊗KP2 ,
or, using det E ≃ detF ⊗ L,
−KP2 ≃ detF ⊗ L
∗.
As a first consequence, we note that S2F ⊗ detF∗ ⊗ (−KP2) ≃ S
2F ⊗ L∗ is am-
ple, which implies that P(F) is Fano. Moreover we see that there are only two
possibilities for (detF , L):
(OP2(2),OP2(−1)), or (OP2(1),OP2(−2)).
The case detF ≃ OP2 is impossible since F cannot be trivial.
Using the list of “Fano bundles” over P2 ([SW90]) we obtain X as stated in the
Proposition. By Griffiths’ vanishing theorem, H1(P2,F ⊗ L∗) = 0, which implies
E ≃ F ⊕ L.
It remains to consider the case that for any b, where E is not spanned, the fiber
Cb is a double line. In the hyperelliptic case we may assume R·Cp = 0, for otherwise
we can conclude exactly as above. In both cases, whether X ′ is hyperelliptic or not,
ψ is not an isomorphism at any point of Cb, hence ψ is divisorial, sending D to the
line µ(ψ((Cb)red)) ⊂ Pg+1. Note that R · Cp = 0 in the hyperelliptic case, which
implies that all ramification comes from P2.
A line is cut out by hyperplanes. Hence −KX − αD will be generically spanned
for some α ∈ N, which implies (−KX − αD) ·Cp ≥ 0. From −KX ·Cp = 2 and the
fact that D · Cp must be even, since ∆ 6= ∅, we get −KX · Cp = D · Cp and
−KX −D = φ
∗OP2(k)
for some k ∈ N. Let lψ denote the general positive dimensional fiber of ψ. Inter-
secting with lψ using D · lψ = −2 shows k = 1 or 2.
We proveH1(X,OX(D)) = 0. By Serre duality this is equivalent to h2(OX(KX−
D)) = 0. From
0 −→ OX(KX −D) −→ OX(KX) −→ OD(KX) −→ 0
and h2(OX(KX)) = 0 we see that it suffices to prove h1(OD(KX)) = 0. Since ψ(D)
is a line, h1(OD(KX)) = h1(P1,OP1(−1)) = 0.
But H1(X,OX(D)) = H1(X,−KX−φ∗OP2(k)) = 0, for k = 1, 2. This says that
the restriction map
H0(P2, E) −→ H
0(C, E|C)
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is surjective for any line or conic C in P2. Since E is globally generated away from
points, E|C is globally generated. This contradicts Bs(E) 6= ∅. The Proposition is
proved. 
From now on we assume that E is globally generated. And we assume again that
ψ is divisorial. We write for the irreducible exceptional divisor D :
D = α(−KX) + φ
∗(O(β))
with rational numbers α and β. Actually α and β are integers unless ∆ = ∅
(intersect with an irreducible component of a reducible fiber). Thus |ζ| defines
via Stein factorisation a map ψ˜ : P(E) → P′ extending ψ and in total a map
τ ◦ ψ˜ : P(E)→ W˜ ⊂ Pg+1.
3.3. Theorem. B = ψ(D) is a smooth curve unless X = P(OP2 ⊕OP2(3)).
Proof. We must first show that dimψ(D) = 1. So suppose dimψ(D) = 0. Then
KX |D ≡ 0, hence D must be a multi-section of φ. Write l = lφ for a smooth fiber
of φ over p ∈ P2. Since E is spanned,
H0(E)→ H0(E|{p})
is onto, hence so does
H0(−KX)→ H
0(−KX |l).
Hence µ ◦ ψ|lφ is an embedding, D is a section of φ and φ is a P1−bundle. Write
X = P(F). Since φ has a section, F splits and after normalising we can write
F = O ⊕O(a).
Since −KX is nef but not ample, S2(F) ⊗ detF∗ ⊗ −KP2 is nef but not ample.
This gives a = 3.
Finally the smoothness of B is (1.8). 
First we classify the P1−bundles, i.e. the case ∆ = ∅.
3.4. Theorem. If ∆ = ∅, then X = P(F) is one of the following.
(1) F = OP2 ⊕OP2(3), (A.3,no.1);
(2) F is given by an extension
0→ O → F → Ip(−1)→ 0
with a point p ∈ P2, (A.3,no.2);
(3) F is given by an extension
0→ O(−1)→ F → IZ → 0
where Z has length 4, (A.3,no.3);
(4) F is given by an extension
0→ O(−2)→ F → IZ(1)→ 0,
where Z has length 6, (A.3,no.4).
Proof. Write
X = P(F)
with a rank 2-bundle F on P2 normalised such that c1(F) = 0,−1. Set η = OP(F)(1)
and D = aη+φ∗(O(b)) with integers a, b. By (3.3) we may assume that dimψ(D) =
1.
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First suppose c1(F) = 0. The nefness of −KX translates into the nefness of F(
3
2 ).
However this bundle is not ample. Now consider a curve lψ contracted by ψ, i.e.
KX · lψ = 0, i.e.
(η + φ∗(O(
3
2
))) · lψ = 0.
Since lψ must be a section of φ over its image, φ(lψ) has degree at most 2 and
so we have φ∗(O(1)) · lψ = 2. So F(
3
2 ) is ample on all lines but not ample on a
1-dimensional family of conics. This is impossible: if V is a vector bundle over P2
which is ample on all lines, then V cannot be non-ample on the general member
of a 1-dimensional family of conics. Indeed, if V is non-ample on such a family of
conics, then this family must contain a splitting member (since the splitting conics
form an ample divisor in the P5 of all conics). But V is ample on this splitting
conic, hence ample on the general member of the conic, since ampleness is an open
condition.
Thus we cannot have c1(F) = 0.
Now suppose c1(F) = −1. Here F(2) is nef but not ample. The equationK2X ·D = 0
leads to
c2(F) = 3
b
a
+ 1.
Since (η+ φ∗(O(2))) · lψ = 0, we obtain b = 2a− 1 or b = 2a− 2. Since c2(F) is an
integer, this leads to the cases (a, b) = (1, 1), (3, 5) resp. (1, 0), (2, 2), (3, 4), (6, 10)
and c2 = 4, 6 resp. c2 = 1, 4, 5, 6.
Riemann-Roch gives
h0(F(2)) = χ(F(2)) = 9− c2(F) ≥ 3.
Now choose the minimal integer λ such that
H0(F(λ)) 6= 0.
The existence of D with a, b > 0 yields λ ≥ 0; actually λ ≥ ba , since D sits on the
boundary of the effective cone.
If λ = 0, then b = 0, a = 1 and c2 = 1. Since F has a section without zeroes in
codimenion 1, we obtain a sequence
0→ O → F → Ip(−1)→ 0 (∗)
with p some point in P2. Conversely, we construct F by the Serre construction as
an extension (*). Then F(2) is spanned and, setting X = P(F), −KX is big and
nef but not ample. The morphism associated to −KX contracts a divisor, namely
the union of all negative sections sitting over the lines through p.
If λ = 1, then we cannot have b = 0 (since then a = 1, contradicting the minimality
of λ), hence (a, b) = (1, 1), (2, 2). The second case is impossible since then D would
be a multiple of some effective divisor. Hence c2(F) = 4 and we end up with a
sequence
0→ O → F(1)→ IZ(1)→ 0
where Z has length c2(F(1)) = c2(F) = 4. For the existence we argue as before.
If λ = 2, then we have a sequence
0→ O → F(2)→ IZ(3)→ 0
where Z has length c2(F(2)) = c2 + 2. Since h0(F(1)) = 0, the bundle F is stable.
We have to exclude the cases (a, b, c2) = (3, 5, 6), (3, 4, 5), (6, 10, 6) from above.
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Then the following Example 3.5 completes the proof. Let H = η + φ∗OP2(2), i.e.
−KX = 2H and H = ψ∗H ′ for some H ′ ∈ Pic(X ′) with −KX′ = 2H ′. We have
H ′
3
= 7− c2.
1.) Assume (a, b, c2) = (3, 5, 6) or (6, 10, 6). In these cases H
3 = 1 and hence by
[Shi89],
X ′ −→W ⊂ P6
is a 2:1-covering of the Veronese cone W , moreover |H ′| has a single base point p
and the general member S′ ∈ |H ′| is smooth in a neighborhood of p. In particular,
p ∈ X ′reg, meaning B = ψ(D) does not contain p. The blowup X
′
p = Blp(X
′) sits
in the diagram
X ′p
  
@@
@@
@@
@@
2:1
// P(OP2 ⊕OP2(2))
xxqq
qq
qq
qq
qq
qq
= Blp(W )
P2
The mapX ′p → P2 is an elliptic fibration and the 2:1-coveringX
′
p → P(OP2⊕OP2(2))
is ramified along the disjoint union of the minimal section of P(OP2 ⊕OP2(2)) and
a 3:1-covering K of P2. Since p 6∈ B we may view B also as a curve in X ′p. It is the
singular locus of the surface K.
The restriction of K to any fiber of P(OP2 ⊕ OP2(2)) −→ P2 that meets B
gives a singular cubic polynomial, the points of intersection of the fiber with B
corresponding to multiple roots. A cubic polynomial can have at most one multiple
root. Hence B is mapped isomorphically onto its image in P2, i.e., B is a plane
curve.
For (a, b, c2) = (3, 5, 6) we have
g(B) = h1(D,OD) = h
2(X,OX(−D)) = h
1(P2,F(1)) = 2
by Riemann Roch. This is impossible. For (a, b, c2) = (6, 10, 6), we have b = 2a− 2
and φ∗OP2(1) · lψ = 1. Then D → B is a P1-bundle, hence K
2
D = 8(1− g(B)). This
gives us g(B) = 30. On the other hand, deg(B) = −H.D
2
2 = 16, which is again not
possible for a smooth plane curve.
2.) Assume (a, b, c2) = (3, 4, 5). Then H
3 = 2 and by [Shi89], |H ′| is base
point free, defining a 2:1-covering X ′ → P3, ramified along a quartic in P3 with
singularities along the image of B. The strict transform of the ramification divisor
is a section in 2H −D = η, which is absurd. 
3.5. Example. Let x0, . . . , x4 be homogeneous coordinates of P4. Let B = B4
be the rational normal curve of degree 4 in P4, cut out by the six 2× 2 minors of(
x0 x1 x2 x3
x1 x2 x3 x4
)
,
i.e., by q0 = x0x2 − x21, q1 = x0x3 − x1x2, q2 = x0x4 − x1x3, q3 = x1x3 − x
2
2,
q4 = x1x4 − x2x3 and q5 = x2x4 − x23. For X
′, take the secant variety S1(B) to B,
defined by the cubic determinant∣∣∣∣∣∣
x0 x1 x2
x1 x2 x3
x2 x3 x4
∣∣∣∣∣∣ ∈ H0(P4, I2B/P4(3)).
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Then X ′ is a canonical Gorenstein Fano threefold with singularities of type cA1
along B. The blowup X = BlB(X
′) is almost Fano with −KX = ψ∗OP4(2)|X .
Denote the blowup map BlB(P4) −→ P4 by ψ as well, and by Dˆ the exceptional
divisor. The quadrics q0, . . . , q5 define a morphism φ : BlB(P4) −→ P5 onto the
smooth quadric
Q = q1q4 − q2q3 − q0q5.
The map φ is nothing but the blowup of Q in a P2, embedded into P5 via Veronese
[s : t : u] 7→ [s2 : −su : u2 − st : st : −tu : t2],
([Hr92], p.90). Our X is the exceptional divisor of φ, i.e., X = P(N∗
P2/Q
). The
Chern classes of the rank two bundle N∗
P2/Q
on P2 are easily computed:
c1(N
∗
P2/Q
) = −5H, c2(N
∗
P2/Q
) = 10.
Then F = N∗
P2/Q
(2) has Chern classes c1(F) = −1 and c2(F) = 4. Clearly F and
F(1) do not have sections.
The bundle F gives a single point in the moduli space M(−1, 4). For F general,
−KX remains big and nef, but ψ is small, contracting the (finitely many) jumping
lines.
3.6. Example. Consider P4 = ProjC[v, w, x, y, z]. Let l be the line defined by
the homogeneous ideal Il = (x, y, z). Let X
′ be the zero set of a general cubic
in I2l such that in particular X
′
sing = l. Then X = Bll(X
′) is an almost Fano
threefold. If ψ : X → X ′ denotes the blowdown as usual, then −KX = ψ∗OP4(2)
and (−KX)3 = 24.
On X , the net |ψ∗OP4(1)−D| is spanned, defining a P1-bundle structure φ : X →
P2. Let F be the normalized rank two vector bundle on P2 such that X = P(F).
Since −KX is divisible, c1(F) = −1. A general S ∈ |−
1
2KX | is an almost del Pezzo
surface, obtained by blowing up a cubic in P3 in a single du Val point. Hence
K2S = 3 and c2(F(2)) = 6. Then [F ] ∈ M(−1, 4). Since F(1) has a section given
by D, F is a Hulsbergen bundle.
If the cubic defining X ′ is general enough, its singularities along l will be generi-
cally cA1, with three dissident points at the intersection with the discriminant cubic
∆ ⊂ P4. For special X ′, for example, the zero set of
x3 + vy2 + wz2,
we get cA2 singularities, up to two dissident points of type cD4. Here ∆ = xvw.
From now on we shall assume ∆ 6= ∅.
3.7. Proposition.
(1) α(−KX)3 + β(12− d) = 0.
(2)
D · lψ = β deg(φ|lψ) deg(φ(lψ)),
in particular β = −1,−2.
(3) If D is not a P1−bundle over B, then β = −1.
(4) If ψ˜ is birational, then (−KX)3 ≥ 4.
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Proof. (1) The equation K2X ·D = 0 reads
α(−KX)
3 + βK2X · φ
∗(O(1)) = 0.
Then (1) follows via
K2X · φ
∗(O(1)) = 12− d.
The first formula in (2) is clear and the second follows from D · lψ = −2.
(3) Suppose that D is not a P1−bundle. Recall that D · lψ = −2. Moreover the
family lψ splits, hence the image family in P2 splits, i.e. φ(lψ) is a conic and by (2)
we obtain β = −1.
(4) Finally, if (−KX)3 = 2, then h0(E) = 4, so that |ζ| maps to P3 and ψ˜ cannot
be birational. 
3.8. Proposition.
(1) If ψ˜ is divisorial, then it contracts a unique divisor D˜ and nothing else; and
D˜ ∩X = D.
(2) If ψ˜ is divisorial, then λ ≥ 0, c1 ≤ 3 and
α(c21 − c2) + βc1 = 0.
(3) If D extends to D˜ ∈ |αζ + π∗(O(β))|, then
2α(c21 − c2) + (α(3 − c1) + 2β)c1 + (3− c1)β = 0.
(4) If α ≤ 2, then D extends.
(5) If dimZ = 3, i.e. ψ˜ is a fibration, then c21 = c2. Moreover λ > 0, i.e.
c1 ≤ 2.
Proof. (1) Only the second assertion needs a proof. Let D˜ be the unique exceptional
divisor of ψ˜. Using c1 ≤ 3 (see (2)), either c1 ≤ 2 and E is a Fano bundle or c1 = 3
and −KP(E) is big and nef but not ample. In this second case, X · lψ = (2ζ +
π∗(O(3− c1))) · lψ = 0. Since every curve which is contracted by ψ˜, is proportional
to lψ, it is either contained in X or is disjoint from X . Hence D˜ ∩X = D. In the
first case one can just use the classification or show directly that D˜ · lφ = 2 which
easily implies the claim.
(2) The first assertion follows from X · lψ ≥ 0 and the second from ζ3 · D˜ = 0.
(3) This comes from 0 = K2X ·D = ζ
2 ·X · D˜ = 0.
(4) The obstruction for extending D is in
H1(P(E),−2ζ − π∗(O(λ)) + αζ + π∗(O(β))) = 0.
This group vanishes if α ≤ 2.
(5) is again clear from X · lψ > 0.

A direct numerical consequence is
3.9. Corollary.
(1) If ψ˜ is divisorial, then c1 = 3 or c2 = 0. If β = −1, we have (α, c1, c2) =
(1, 3, 6), (1, 1, 0). If β = −2, we have (α, c1, c2) = (1, 3, 3), (2, 3, 6), (3, 3, 7),
(6, 3, 8), (1, 2, 0).
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(2) If ψ˜ is not birational, then (c1, c2) = (1, 1), (2, 4).
Proof. (1) Using (3.8)(2) and (3), we obtain
(3 − c1)(1−
c21
c21 − c2
) = 0,
hence c1 = 3 or c2 = 0. Now we just use 3.8(2) to obtain the listed cases, having in
mind c21 > c2 since ψ˜ is birational.
(2) is obvious from (3.8)(5). 
3.10. Corollary. Suppose ψ˜ is not birational. Then β = −1 and X is a complete
intersection in P2 × P3 of degree (1, 1), (2, 2) resp. (1, 2), (2, 1). However in these
cases ψ is small.
Proof. Applying (3.9)(2) we are reduced to two cases. In both cases P(E) is Fano
and we can apply the classification [SW90].
If (c1, c2) = (1, 1), then E = TP2(−1) ⊕ O and λ = 2. Thus P(E) ⊂ P2 × P3 is
a divisor of degree (1, 1). To see that ψ is small, suppose the contrary. Then
h0(OX(D)) = 1; therefore D = 2(−KX) + φ∗(O(−1)) yields
h0(S2(E)(−1)) = 1,
which is clearly not true.
If (c1, c2) = (2, 4), then E is given by an exact sequence
0→ O(−2)→ O4 → E → 0
which realises P(E) as a divisor of degree (2, 1). Again we see easily that ψ is
small. 
So from now we may assume (and do) that ψ˜ is birational.
3.11. Proposition. Suppose β = −2. Then X is one of the following.
(1) E = O(2)⊕O2 and X ∈ |2ζ + π∗(O(1))|, (A.3,no.5);
(2) E = O ⊕F or a non-split extension
0→ O → E → F → 0
where F is given by a non-split extension
0→ O(2)→ F → Ip(1)→ 0
for some p ∈ P2, (A.3,no.6);
(3) E = O(2)⊕ TP2(−1), (A.3,no.6).
In all cases but the first, X ∈ |2ζ|.
Proof. Since β = −2, then by (3.7)(3), D is a P1−bundle over B. Let e be its
invariant [Ha77,V.2] and C0 a section with C
2
0 = −e.
(A) First suppose that ψ˜ is divisorial. By (3.9) we have six possible triples for
(α, c1, c2). If c2 = 0, then c1 = 1, 2 so that E is a Fano bundle. Hence by [SW90],
E = O(a) ⊕O2 with a = 1, 2. The case a = 2 certainly occurs, while in case a = 1
we obtain β = −1.
Now assume c1 = 3. In that case −KP(E) is spanned and nef, but not ample.
Equivalently E is nef with ζ big, but E is not ample (otherwise −KX = ζ|X would
be ample or apply [SW90]). Notice that we may assume that E is spanned as
already observed in (3.2).
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(1) c1 = 3, c2 = 3. Choose a general section of E without zeroes to obtain an exact
sequence of vector bundles
0→ O → E → F → 0. (S)
Then F is a spanned rank 2-bundle with c1 = 3, c2 = 3. First notice that F is
not ample. In fact, if F is ample, then it is a Fano bundle, hence F = TP2 . If (S)
splits, then ψ˜ would be small, contracting simply P(O). If (S) does not split, then
E would be ample (as jet bundle), contradiction.
So F is not ample. Hence −KP(F) is big and spanned, so that (3.4) applies and F
is given by an extension
0→ O(2)→ F → Ip(1)→ 0. (S′)
If (S) splits, then ψ˜ contracts exactly D˜ = P(O ⊕ Ip(1)), providing an example.
If (S) does not split, we argue as follows.
The divisor D˜ is given by D˜ = P(G), where the torsion free sheaf G is given by
0→ O(2)→ E → G → 0.
In fact, D˜ = ζ + π∗(O(−2)) since β = −2 and α = 1. Notice c1(G) = 1 and
c2(G) = 1. Consider the exact sequence
0→ G → G∗∗ → Q→ 0,
where G∗∗ is locally free and Q supported on a finite set. Then
c2(G
∗∗) = c2(G)− l(Q) = 1− l(Q).
Now G∗∗ has sections vanishing in codimension 2 or nowhere, hence c2(G∗∗) ≥ 0 so
that l(Q) ≤ 1. If l(Q) = 0, then G is already locally free and Gl = O(1) ⊕ O for
all lines, so that G = O(1)⊕O or TP2(−1) by the classification of uniform bundles.
The first case is ruled out by c2(G) = 1, but the second of course exists.
If l(Q) = 1, then c2(G∗∗) = 0 and therefore G∗∗ is spanned, actually G∗∗ = O(1)⊕O.
This case exists, too; here F is defined by (S′) and E by (S). The sheaf G is given
by an extension
0→ O → G → Ip(1)→ 0.
(2) c1 = 3, c2 = 6. Again the divisor D˜ is given by D˜ = P(G), with
0→ O(2)→ E → G → 0.
Here c1(G) = 1 and c2(G) = 4. Since G∗∗ is generated outside a finite set, it is nef,
hence G∗∗l = O(1)⊕O for all lines l ⊂ P2. Using the classification of uniform bundles
as above and taking into account c2(G) = 4, we obtain in the same notations as
above that l(Q) = 4 and G∗∗ = O(1)⊕O, or l(Q) = 3 and G∗∗ = TP2(−1). In both
cases we immediately see that G cannot be spanned.
(3) c1 = 3, c2 = 7. This case is ruled out as in (2).
(4) c1 = 3, c2 = 8. Here h
0(E) = 3 = h0(−KX) by Riemann-Roch, so that ψ cannot
be birational.
(B) Now suppose that ψ˜ is small.
(1) If α ≥ 3 we argue as follows. By (3.7)(1) we have
(−KX)
3 =
24− 2d
α
.
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On the other hand, we must have h0(E) ≥ 5, otherwise ψ˜ cannot be birational.
First suppose h0(E) ≥ 6. This gives α = 3 since we assume d > 0. Moreover
d = 3, (−KX)3 = 6 and h0(E) = 6. Also notice that D is a P1−bundle over B since
β = −2. Via the adjunction formula and again using the notation g = g(B) we
obtain
8(1− g) = K2D = (KX +D)
2 ·D = −160,
hence g = 21. This shows that φD must be finite because otherwise the exceptional
section C0 is contracted by φD and therefore C0 is rational contradicting g = 21.
If φD is finite, we must argue differently. Notice first
g = h1(OD) = h
2(OX(−D)) = h
1(KX +D) =
= h1(−2KX + φ
∗(O(−2))) = h1(S2(E(−1))).
Via the exact sequence
0→ IX ⊗ (2ζ ⊗ π
∗(O(−2)))→ 2ζ ⊗ π∗(O(−2))→ −2KX ⊗ φ
∗(O(−2))→ 0
and
H0(−2KX ⊗ φ
∗(O(−2))) = 0
(since α = 3) and
H0(IX ⊗ (2ζ ⊗ π
∗(O(−2)))) = H0(OP2(c1 − 5)),
we obtain
g = h1(S2(E(−1))) = −χ(S2(E(−1))) + h0(O(c1 − 5)). (E)
Now Riemann-Roch gives
χ(S2(E(−1))) = 3c21 − 2c1 − 5c2. (RR)
By 6 = h0(E) = χ(E) and with Riemann-Roch we conclude
c2 =
c21
2
+
3
2
c1 − 3.
Putting this into (RR) yields
χ(S2(E(−1))) =
c21
2
−
19
2
c1 + 15
and finally with (E):
c21
2
−
19
2
c1 + 15 =
(c1 − 3)(c1 − 4)
2
− 21.
This leads to c1 = 5 and c2 = 17. Now consider the exact sequence
H0(3ζ ⊗ π∗(O(−2)))→ H0(OX(D))→ H
1(3ζ ⊗ π∗(O(−2))⊗O(−X)) =
= H1(E) = H1(−KX) = 0.
The sequence shows that D extends, hence we may apply 3.8(3) and obtain a
contradiction for the specific values c1 = 5 and c2 = 17.
Finally if h0(E) = 5, then α = 3, 4, 5. The case α = 3 is excluded in the same way
as before. If α = 4, 5, probably the same can be done, but it is more convenient
to argue as follows. Since (−KX)3 = 4, in our standard notation either W ⊂ P4 is
a quartic and µ is an isomorphism or W is a quadric and µ has degree 2. In the
first case, B is the singular locus of X ′ ⊂ P4 and cut out by cubics so that IB(3)
is spanned. Hence −3KX −D is spanned which implies α ≤ 3.
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In the second case we observe that h0(IB(2)) 6= 0, since µ is ramified along a
quartic. Hence H0(−2KX −D) 6= 0. This contradicts α = 4, 5.
(2) Suppose now that α ≤ 2. Hence D extends to D˜, but D˜ is not contracted by ψ˜.
Using N∗X/P(E)|D = N
∗
D/D˜
and the conormal bundle sequence
0→ N∗
D/D˜
|lψ → N
∗
lψ/D˜
→ N∗lψ/D = O → 0,
we conclude that X · lψ < 0, because otherwise Nlψ/D˜ is nef and therefore lψ moves
in D˜ in a covering family. This is only possible if ψ˜ contracts D˜.
So X · lψ < 0 and from X = 2ζ + π∗(O(λ)), it follows λ < 0, i.e.
c1 = c1(E) ≥ 4.
(2.a) If α = 2, then (−KX)3 = 12 − d, so that (−KX)3 = 4, 6, 8, 10 so that
h0(E) = 5, 6, 7, 8. Now (3.8(3)) gives
c21 − 2c2 + 2c1 − 3 = 0.
By Riemann-Roch for χ(E) we obtain
c21 − 2c2 + 3c1 = 4, 6, 8, 10.
Both quadratic equations yield c1 = 1, 3, 5, 7. Since c1 ≥ 4 we end up either with
c1 = 5, c2 = 16, h
0(E) = h0(−KX) = 7, (−KX)
3 = 8
or with
c1 = 7, c2 = 30, h
0(E) = h0(−KX) = 8, (−KX)
3 = 10.
Suppose first c1 = 5. With the same computations as in (1) we obtain 8(1 − g) =
(KX +D)
2 ·D = −32, so g = 5. On the other hand, as in (1),
g = h1(OD) = h
2(OX(−D)) = h
1(KX+D) = h
1(−KX⊗φ
∗(O(−2))) = h1(E(−2)).
Now Riemann-Roch shows χ(E(−2)) = −6. Since h0(E(−2)) = h2(E(−2)) = 0, we
obtain h1(E(−2)) = 6, contradiction.
The case c1 = 7 is ruled out in the same way.
(2.b) α = 1.
Since D = −KX + φ∗(O(−2)), we have h0(E(−2)) = 1, and, more generally
h0(Sm(E(−2))) = 1
for all positive integers m. This already shows λ ≥ −3. As in (1), we compute
8(1− g) = 8, hence g = 0. Therefore h1(E(−2)) = 0 so that
χ(E(−2)) = 1.
By Riemann-Roch we obtain
c21 − 2c2 − c1 = 2.
On the other hand, (3.8)(3) yields
c21 − 2c2 + c1 = 6.
Hence c1 = 2, c2 = 0. This implies E = O(2) ⊕ O
2 by [SW90]. But then ψ˜ is
divisorial; namely it contracts D˜ = P(O2). 
3.12. Proposition. Suppose that β = −1 and ψ˜ birational. Then X is one the
following.
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(1) X is a divisor in P(O(1)⊕O2) over P2 in the linear system |2ζ+π∗(O(2))|,
(A.3,no.7);
(2) Consider a vector bundle E over P2 given by the exact sequence
0→ O(−2)→ O(1)⊕O3 → E → 0;
then
X ∈ |2ζ|,
(A.3,no.8).
Proof. By (3.7)(1) we have
α(−KX)
3 = 12− d.
This reduces already by d > 0 to (−KX)3 ≤ 10. We also know (−KX)3 ≥ 4 (3.7(4))
so that α ≤ 2.
(1) Suppose that ψ˜ is divisorial.
By (3.9) α = 1, and c1 = 1, 3. In the first case c2 = 0 and by the classification of
the Fano bundles, E = O(1)⊕O2, which is one of the cases listed.
If c1 = 3, then c2 = 6, then h
0(E) = 6 and ζ4 = 3 so that P(E) maps to a cubic in
P5, and deg τ = 1. The exact sequence
0→ H0(ζ − D˜)→ H0(ζ)→ H0(ζ|D˜)→ H1(ζ − D˜) = 0
shows together with ζ − D˜ = π∗(O(1)) that h0(ζ|D˜) = 3, so that τψ˜(D˜) is a plane
or a curve in a plane. It cannot be a curve, since ζ2 · D˜2 6= 0. So τψ˜(D˜) is a plane
and therefore P(E) is the blowup of its image in P5 along a plane. Thus
P(E) ⊂ P(OP2(1)⊕O
3
P2
),
coming from an epimorphism
O(1)⊕O3 → E → 0.
Conversely, if E is given by a sequence
0→ O(−2)→ O(1)⊕O3 → E → 0,
then E is spanned. Let D˜ = P(E) ∩ P(O3) and take
X ∈ |2ζE |
general. Then −KX = ζE |X is big and nef, and K
2
X ·D = 0 so that −KX is not
ample.
(2) ψ˜ is small.
By 3.8(4) the extension D˜ exists, but ψ˜ does not contract D˜.
(2.a) The case α = 2 is ruled out as follows. First apply 3.8(3) to obtain
2c21 − 4c2 + 5c1 − 3 = 0.
Since α = 2, we have (−KX)3 = 4, hence h0(E) = 5. Thus Riemann-Roch gives
c21 − 2c2 + 3c1 = 4.
Comparing both formulas gives c1 = 5 and c2 = 18. Thus ζ
4 = c21 − c2 = 7 and
so ζ3 · X = ζ3 · (2ζ + π∗(O(−2))) = 4. Now |ζ| maps P(E) to P4 such that the
image W of X has degree 2 or 4. This case is ruled out by the method of Step 1
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and 2 of Theorem 4.6 below. To be a little more precise, let us consider only the
non-hyperelliptic case. We first compute
32 = (2(−KX))
3 = D3 + 3D2 · φ∗(O(1)) + 3D · φ∗(O(1))2. (∗)
Then we consider the blowup Pˆ4 → P4 along B with exceptional divisor Dˆ whose
restriction to X ⊂ Pˆ4 is of course just D. We compute easily
g(B) = h1(OX(D)) = h
1(E(−1)) = 2.
Next we compute
D3 = Dˆ3 ·X = −6 degB − 4(g − 1)
as in (4.6). By g = 2, we obtain degB = 8. Now X ∈ |ψˆ∗(O(4)) − 2Dˆ|. Since
ψˆ∗(O(4))−2Dˆ|X = φ∗(O(2)) and since H1(OX) = 0, we conclude that ψˆ∗(O(4))−
2Dˆ is spanned. On the other hand, we compute easily that (ψˆ∗(O(4))−2Dˆ)4 = −96,
a contradiction.
The hyperelliptic case works similarly.
(2.b) If α = 1, then (−KX)3 can take the values 4, 6, 8, 10 so that h0(E) = 5, 6, 7, 8.
Hence Riemann-Roch yields
c21 − 2c2 + 3c1 = 4, 6, 8, 10.
On the other hand, 3.8(3) gives
c21 − 2c2 + 2c1 = 3.
Putting things together, we obtain (c1, c2) = (1, 0), (3, 6), (5, 16), (7, 30). Since ζ ·
D˜ > 0, we have c21 − c2 − c1 > 0, which deletes the first two cases.
We next exclude the case (7, 30). Suppose the contrary and suppose also that the
general M ∈ |2ζ + π∗(O(−2))| is irreducible and reduced. Then we conclude from
X ∈ |2ζ + π∗(O(−4))| that
h0(2ζ + π∗(O(−2))) > h0(π∗(O(2))) + 1,
since M is not in the space generated by X + π∗(H0(O(2))) and 2D˜. Since 2ζ +
π∗(O(−2))|X = 2D, we have h0(2ζ + π∗(O(−2)|X)) = 1, which yields a contradic-
tion by taking cohomology of
0→ 2ζ + π∗(O(−2))−X → 2ζ + π∗(O(−2))→ 2ζ + π∗(O(−2))|X → 0.
It remains to show that the general M is irreducible and reduced. Suppose the
contrary and write
M =
∑
aiMi.
We see immediately that after possibly renumbering, we haveM1 ∈ |2ζ+π∗(O(a))|
with a ≤ −3, a1 = 1 and Mj ∈ |π∗(O(bj))| for j ≥ 2 with bj ≥ 1. Hence the general
element of |2ζ + π∗(O(a))| is irreducible and reduced. This contradicts the exact
sequence
0→ H0(2ζ + π∗(O(a)) −X)→ H0(2ζ + π∗(O(a))) → H0(2ζ + π∗(O(a))|X) = 0
(notice 2ζ + π∗(O(a))|X = 2D − φ∗(O(a + 2))).
In the last case (5, 16), observe that ζ4 = 9. Hence deg W˜ ⊂ P6 has degree 3 or
9. In the second case deg τ = 1, and h0(2ζ − X) ⊂ H0(IW (2)). Since X ′ not
hyperelliptic, X ′ ⊂ P6 is cut out by three quadrics, hence h0(2ζ − X) = 3. But
2ζ −X = π∗(O(2)), contradiction.
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If deg τ = 3, then W˜ is “minimal”, hence by classification, W˜ is the image of a
scroll P(F) with F a spanned bundle over P1 under the morphism defined by the
tautological bundle, see e.g. [IP99,2.2.11]. Moreover the singular locus of W˜ , which
certainly contains B, is linear. This contradicts degB = 12KX ·D
2 = 3. 
In conclusion we obtain the following
3.13. Theorem. Let X be a smooth projective threefold with −KX big and nef
but not ample. Assume ρ(X) = 2 and that X is a proper conic bundle φ : X → P2,
i.e. the discriminant locus is non-empty. Assume that the anticanonical morphism
is divisorial and E = φ∗(−KX) is spanned. Then X is one of the following:
(1) X is a divisor in P(O(1)⊕O2) over P2 in the linear system |2ζ+π∗(O(2))|,
(A.3,no.7);
(2) Consider a vector bundle E given by the exact sequence
0→ O(−2)→ O(1)⊕O3 → E → 0;
then
X ∈ |2ζ|,
(A.3,no.8);
(3) E = O(2)⊕O2 and X ∈ |2ζ + π∗(O(1))|, (A.3,no.5);
(4) E = O ⊕F or a non-split extension
0→ O → E → F → 0
where F is given by a non-split extension
0→ O(2)→ F → Ip(1)→ 0
for some p ∈ P2; here X ∈ |2ζ|, (A.3,no.6);
(5) E = O(2)⊕ TP2(−1) and X ∈ |2ζ|, (A.3,no.6).
4. Blowdown to a curve
4.1. Setup. In this section φ : X → Y is the blowup of a smooth Fano threefold Y
with ρ(Y ) = 1 in a smooth curve C. As usual, X is a smooth almost Fano threefold,
such that the anticanonical map ψ : X → X ′ is divisorial. Let H ∈ Pic(Y ) be the
fundamental divisor and r the index of Y , i.e.
−KY = rH
in Pic(Y ). Let E ⊂ X be the exceptional divisor of φ, so that E ≃ P(N∗C/Y ) is a
ruled surface. Then Pic(X) is generated by φ∗H and E. Let
gC = g(C) and d = deg(C) = H · C
the genus and degree of C, respectively. We have
−KX = φ
∗(rH) − E
and φ∗H2 · E = 0, φ∗H · E2 = −d, E3 = − deg(NC/Y ) = rd+ 2gC − 2. Therefore
(−KX)
3 = r3H3 − 2rd+ 2gC − 2.
The restriction −KX |E = OE(1)⊗ φ∗(rH)|E is still nef and also big, since E 6= D.
Hence deg(N∗C/Y ⊗ (rH)) > 0, implying
(4.1.1) 2gC − 2 < rd, d < r
2H3,
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where the second inequality follows from 2rd = r3H3+K3X +2gC − 2 < r
3H3+ rd.
We note moreover
(4.1.2) Pic(X ′) = Z · (−KX′).
Indeed: by assumption, the Picard number ofX ′ is one. Let Pic(X ′) = Z·L for some
line bundle L on X ′. Then −KX′ = kL for some integer k, hence −KX = kψ
∗L.
The intersection with an exceptional fiber lφ of φ gives 1 = −KX · lφ = kψ∗L · lφ,
hence k = 1. This proves the claim.
The following Lemma shows how we find examples:
4.2. Lemma. Let Y be a smooth Fano threefold of index r. Assume that H is
generated. Let X = BlC(Y ) be the blowup of Y in a smooth curve C. Then −KX
is generated if and only if the curve C is cut out by hypersurfaces of degree ≤ r.
Proof. If the curve C is cut out by hypersurfaces of degree ≤ r, then IC ⊗OY (rH)
is generated. Then also OX(−E)⊗φ∗OY (r) ≃ OX(−KX) is generated. Conversely,
if −KX is generated, then we have a surjection
O⊕nX −→ OX(−KX) ≃ OX(−E)⊗ φ
∗OY (rH) −→ 0.
The kernel is a vector bundle E on X . If we can show R1φ∗E = 0, then C is cut
out by hypersurfaces of degree ≤ r.
To this end let lφ ≃ P1 be a fiber of E → C. Then N∗lφ/X ≃ OP1 ⊕OP1(1) and
E|lφ ≃ O
⊕n−2
P1
⊕OP1(−1). We conclude
H1(SkN∗lφ/X ⊗ E) = 0
for any k > 0. The formal function theorem gives R1φ∗E = 0. 
(A) Assume ψ contracts D to a curve. Then by Proposition 1.8, X is the
blowup of X ′ along the smooth curve B = ψ(D) and X ′ is a Gorenstein Fano
threefold with cDV singularities along B. We have ρ(X ′) = 1.
4.3. Some numerical data. Since −KX = ψ∗(−KX′) and D is contracted to a
curve, we have
K2X ·D = 0 and KX ·D
2 > 0.
Since Pic(X) is generated over Z by E and φ∗H , we may write
D = αφ∗H − βE
in Pic(X) for some α, β ∈ Z. Since φ is an extremal contraction, we have D 6= E,
hence D · lφ ≥ 0 for a fiber lφ of E → C. This shows β ≥ 0. On the other hand, D
is effective, but exceptional, hence
α, β > 0.
Let lψ be the general exceptional fiber of ψ as usual. Then −KX · lψ = 0 gives
rφ∗H · lψ = E · lψ, hence −2 = D · lψ = (α − βr)φ∗H · lψ by Proposition 1.8. We
define
ǫ := βr − α; then ǫ = 1, 2.
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From K2X ·D = 0 and the formula for (−KX)
3 from above we obtain
β(−KX)
3 = ǫ(r2H3 − d),(4.3.1)
KX ·D
2 = ǫ(αrH3 − βd),
β(2gC − 2) = (βr + α)d − αr
2H3.
4.4. Lemma. Assume ψ|E : E → ψ(E) is not finite. Then C ≃ P1 is either a
line or a conic in Y with NC/Y = OP1(rd) ⊕OP1(−2). In particular, r ≤ 2.
Proof. We have already seen that −KX is still free and big on E. Hence, if ψ|E is
not finite, then the minimal section C0 of the ruled surface E is contracted by ψ.
This means C0 is a fiber or a component of a fiber of D → B, hence C0 ≃ P1 with
D · C0 = −1,−2 by Proposition 1.8. With the above notation we have
D · C0 = (β(−KX)− ǫφ
∗H) · C0 = −ǫφ
∗H · C0,
since −KX is trivial on C0 by assumption. We conclude d ≤ 2 and N∗C/Y (rd) is
nef, but not ample. The adjunction formula yields degNC/Y = dr − 2, completing
the proof. 
4.5. Lines and Conics. 1.) Assume C ⊂ Y is a line. For r ≥ 3, the blowup
X = BlC(Y ) is a Fano threefold. For r = 1, we obtain an almost Fano threefold,
where ψ is small ([IP99], Corollary 4.3.2). Assume r = 2. For H3 ≥ 3 again X
is Fano ([IP99], Proposition 3.4.1). Hence assume H3 ≤ 2. Then the third line
in (4.3.1) reads −2β = 2β + α − 4αH3, hence 4 | α. We conclude ǫ = 2. Using
(−KX)3 = 8H3 − 6, the first line of (4.3.1) reads β(4H3 − 3) = 4H3 − 1. For
H3 = 2 we obtain 5β = 7, which is impossible; for H3 = 1 we get β = 3 and hence
α = 4. Since ǫ = 2, we have φ∗H · lψ = 1, hence D is a smooth ruled surface over B.
By the following Lemma 4.8, gB = 2, hence K
2
D = 8(1 − gB) = −8, contradicting
K2D = (KX +D)
2 ·D = −24 by adjunction formula.
2.) Assume C ⊂ Y is a conic. Again, X = BlC(Y ) is Fano for r ≥ 3. Assume
r = 1. First note that −KX is not big for H3 ≤ 6. Then [IP99], Corollary 4.4.3
says: −KX is big and nef for H3 ≥ 8; ψ is small for H3 ≥ 12 and C general; ψ will
always be small for H3 ≥ 16. We obtain no. 1 and 3 in table A.4 for H3 = 8 and
10 (see [IP99], p.86 for H3 = 10). The case H3 = 12 is excluded by the first line of
(4.3.1); for H3 = 14 we obtain ǫ = 2, β = 3 and α = 1. Then D is a smooth ruled
surface over B, but the adjunction formula yields K2D = −18, which is not divisible
by 8. Assume now r = 2. The third line in (4.3.1) gives α(2H3− 1) = 3β, which is
together with ǫ = 2β − α only possible for H3 = 2. Here we have α = β = ǫ. The
case ǫ = 2 is again impossible by Lemma 4.8. We obtain no. 5 in table A.4.
From now on we will assume C is neither a line nor a conic. Then ψ|E is finite by
Lemma 4.4, i.e., the image of ψ still contains a one-dimensional family of disjoint
lines. If X ′ is hyperelliptic, this means W cannot be the Veronese cone, hence
Proposition 1.6 implies here
4.6. Corollary. Assume X ′ is hyperelliptic and C is neither a line nor a conic.
Then (−KX)3 ≤ 4.
4.7. Mukai’s classification. In [Muk95], Mukai describes the embedding of all
Gorenstein Fano threefolds with canonical singularities, such that the anticanonical
divisor does not admit a moving decomposition (see table A.1): by definition, a
linear system |L| on a normal projective variety admits a moving decomposition,
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if L ∼ A +B, where A and B are Weil divisors, such that |A| and |B| are both of
positive dimension.
In our case, −KX′ generates Pic(X ′) as seen in (4.1.2). This means, |−KX′ |
cannot admit a moving decomposition, whenever X ′ is factorial. With notations
from [KM98], the map ψ : X → X ′ is a (divisorial) log contraction of the klt pair
(X, νD) for any 0 < ν < 1 rational. By [KM98], Corollary 3.18, X ′ is Q-factorial.
A closer look at the proof shows in fact X ′ factorial whenever φ∗H · lψ = 2. This
means, ǫ = 1 implies X ′ factorial and that Mukai’s classification applies.
4.8. Lemma. Let H ′ be a general hyperplane section of Pg+1. Then
(1) B is a smooth curve of degree µ∗H ′ ·B = 12KX ·D
2 and genus
gB = 1−
2α
r
+
ǫd
12
−
1
4
KX ·D
2 −
1
6
D3,
where D3 = α3H3 + β2(βr − 3α)d+ 2β3(gC − 1).
(2) If ǫ = 2, then D3 = 4d− 48αr .
Proof. Consider for m≫ 0 the twisted ideal sequence of D in X
0 −→ OX(−mKX −D) −→ OX(−mKX) −→ OX(−mKX)|D −→ 0.
By Kawamata-Viehweg vanishing, hi(X,−mKX) = 0 for i > 0. By Proposition 1.8
D · lψ < 0 for any irreducible curve lψ contracted by ψ, i.e. −mKX − D is big
and nef for m ≫ 0. Therefore hi(X,−mKX − D) = 0 for i > 0. We obtain
hi(X,−mKX |D) = 0 for i > 0, hence
h0(B,mµ∗H ′|B) = h
0(D,−mKX |D) = χ(X,−mKX)− χ(X,−mKX −D).
By the Riemann-Roch formula for threefolds, then
h0(B,mµ∗H ′|B) =
1
12
c2(X) ·D +
1
4
KX ·D
2 +
1
6
D3 +m ·
1
2
KX ·D
2.
Since h1(B,mµ∗H ′) = 0 for m≫ 0, the linear term of the right hand side is 1−gB:
gB = 1−
1
12
c2(X) ·D −
1
4
KX ·D
2 −
1
6
D3.
To compute c2(X) · φ∗H and c2(X) ·E note
χ(Y,H) = h0(Y,H) = h0(X,φ∗H) = χ(X,φ∗H)
and −KX · c2(X) = c1(X) · c2(X) = 24. We get c2(X) · φ∗H =
24
r + d and
c2(X) · E = rd. The first claim follows. Pulling back the cycle µ
∗H ′|B to X , we
obtain −KX ·D2 = D ·
∑
li = (µ
∗H ′ · B) · (D · l1) for general exceptional fibers li
of ψ, hence µ∗H ′ · B = 12KX ·D
2.
Finally assume ǫ = 2. Then D is a P1-bundle over B, hence smooth with
K2D = 8(1− gB). By adjunction, K
2
D = 2KX ·D
2 +D3. 
4.9. Theorem. Let X be an almost Fano threefold with ρ(X) = 2. Assume
X = BlC(Y ) with Y a smooth Fano threefold of index r and C ⊂ Y a smooth
curve, and assume |−KX | induces a divisorial map ψ : X → X ′, contracting D to
a curve B ⊂ X ′. Then we are in one of cases no. 1-24 in table A.4 and all of them
really exist.
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4.10. Lemma. Assume C is neither a line nor a conic. Then in the situation of
the theorem
D = αφ∗H − βE =⇒ 1 ≤ β ≤ 4
and either
(1) α = βr − 1, φ∗H · lψ = 2 or
(2) α = βr − 2, φ∗H · lψ = 1 and D is a smooth ruled surface over B.
More precisely: if X ′ is not hyperelliptic, then β ≤ 3. If X ′ is hyperelliptic, then
one of the following holds
(1) (−KX)3 = 2 and either β ≤ 3 or β = 4 and ǫ = r;
(2) (−KX)3 = 4 and either β ≤ 2 or β = 3 and ǫ = r.
No. 22 in table A.4 shows that the bound for β in the Lemma is sharp in the
non-hyperelliptic case.
Proof. 1.) The case X ′ not hyperelliptic and g ≤ 5. By Proposition 1.7, X ′ is a
complete intersection in Pg+1, namely, a quartic hypersurface in P4, the intersection
of a quadric and a cubic in P5 or the intersection of three quadrics in P6. In all of
these cases, the Jacobian ideal is generated by cubics, defining some subscheme B˜
of Pg+1, such that B˜red = B. Denote by I = IB˜/Pg+1 the ideal sheaf of B˜. Then
I(3) is globally generated, and if we define
J = ψ−1I · OX ,
then also J ⊗OX(−3KX) is generated. Outside of some codimension two subset of
X , the sheaf J coincides with OX(−λD) for some λ ≥ 1. If we restrictOX(−λD)⊗
OX(−3KX) to the general exceptional fiber lφ of φ, we still have sections, implying
(−3KX − λD) · lφ ≥ 0.
This gives β ≤ 3λ ≤ 3.
2.) The case X ′ not hyperelliptic and g ≥ 6. By (4.3.1),
(4.10.1) (−KX)
3 =
ǫ(r2H3 − d)
β
∈ 2Z.
From g ≥ 6 we infer (−KX)3 ≥ 10. In order to see β ≤ 3 we have to prove
r2H3−d ≤ 19. From Iskovskikh’s classification we get r2H3 ≤ 22, hence r2H3−d ≤
21. If r2H3 − d ≥ 20, then r = 1, H3 = 22 and d ≤ 2, implying C is a line or a
conic, since H is very ample.
3.) The case X ′ hyperelliptic. Since C is neither a line nor a conic, we have
(−KX)3 ≤ 4 by Corollary 4.6. If W = P3, then µ is ramified along a sextic S ∈
|OP3(6)|, which is singular along the image µ(B) ≃ B. The reduced strict transform
Sˆ of S in X gives a smooth section in |−3KX −D| = |(3r−α)φ∗H − (3− β)E|. If
E is not a connected component of Sˆ, then the intersection with lφ yields β ≤ 3.
If E is a component, we claim Sˆ = E. Assume Sˆ = E + Sˆ′ with some effective
Sˆ′ ∈ |φ∗(r − ǫ)H |. This is impossible, since Sˆ is smooth, but any section of |H |
meets the curve C on Y . We conclude β = 4 and ǫ = r in this case. If W ⊂ P4 is
a quadric, then µ is branched along a quartic. The same argument completes the
proof of the lemma. 
Proof of 4.9. By Corollary 1.5, −KX is globally generated. We have already con-
sidered lines and conics in 4.5 and obtained no. 1,3, and 5. Assume therefore C is
neither a line nor a conic. The structure of the proof is as follows: First we show
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some numerical conditions in Step 1,2 and 3. By the lemma, β ≤ 4. We consider
the cases β = 1, 2, 3 and 4 in Step 4-7 separately. Finally, we will construct almost
Fano threefolds corresponding to the data listed in table A.4 in Step 8.
Step 1. Numerical formulas in the case (−KX)3 ≤ 8 and X ′ not hyperelliptic.
Then X ′ is a complete intersection in Pg+1 by Proposition 1.7 and hence X is a
complete intersection in the blowup
ψ̂ : P̂g+1 −→ Pg+1
of Pg+1 in the smooth curve B. Call the exceptional divisor D̂ and let again be H
′
be a general hyperplane section of Pg+1. Then ψ̂|X = ψ and D̂ ∩X = D. We have
ǫφ∗H = β(−KX)−D = βψ
∗H ′ −D.
The following formula’s on intersection numbers are well known: ψ̂∗H ′
g+1
= 1,
ψ̂∗H ′ · D̂g = (−1)g+1 deg(B), D̂g+1 = (−1)g+1
(
2gB − 2 + (g + 2) deg(B)
)
and
ψ̂∗H ′
i · D̂g+1−i = 0 for i 6= 0, 1, g + 1.
If (−KX)3 = 4, then X ∈ |4ψ̂∗H ′− 2D̂|; if (−KX)3 = 6, then X is the complete
intersection either of type (3ψ̂∗H ′− 2D̂, 2ψ̂∗H ′− D̂), or (3ψ̂∗H ′− D̂, 2ψ̂∗H ′− 2D̂);
if (−KX)3 = 8, then X is of type (2ψ̂∗H ′− D̂, 2ψ̂∗H ′− D̂, 2ψ̂∗H ′−2D̂). We obtain
(−KX)
3 = 4 : ǫ3H3 = 4β3 − (6β − 6) deg(B) + 4(gB − 1);(4.10.2)
(−KX)
3 = 6 : ǫ3H3 = 6β3 − (6β − 5) deg(B) + 4(gB − 1);(4.10.3)
or ǫ3H3 = 6β3 − (6β − 4) deg(B) + 4(gB − 1);
(−KX)
3 = 8 : ǫ3H3 = 8β3 − (6β − 4) deg(B) + 4(gB − 1).(4.10.4)
Step 2. Numerical formulas in the case X ′ hyperelliptic. Here µ : X ′ → W
is ramified along some Cartier divisor in W , and W is either P3 or a quadric in
P4. We obtain an induced double cover σ : X → Blµ(B)(W ). Since D ⊂ X is
exceptional, it is stabilized by the automorphism inducing σ, i.e. σ∗D′ = D with
D′ the exceptional divisor for σ.
As in the last step, write ǫφ∗H = β(−KX)−D. Then ǫ
3H3 = 2(βσ∗H ′ −D′)3
yields again (4.10.2) for (−KX)3 = 4 and
(4.10.5) (−KX)
3 = 2 : ǫ3H3 = 2β3 − (6β − 8) deg(B) + 4(gB − 1).
Step 3. If r = 1, then H3 ≥ 10. Indeed: by (4.1.1), 2gC − 2 < d, hence
h0(C,H |C) = 1 − gC + d by the Riemann-Roch theorem. Again, by (4.1.1), we
obtain
h0(C,H |C) ≤
H3
2
− 1.
On the other hand, H is ample and globally generated by [IP99], Corollary 2.4.6,
hence h0(C,H |C) ≥ 2. This shows H3 ≥ 6. If H3 = 6, then h0(C,H |C) = 2, i.e. C
is a line. If H3 = 8, then C is a plane curve, meaning 2gC = (d− 1)(d− 2). Then
2gC − 2 = d(d − 3) > (2gC − 2)(2gC − 5)
by (4.1.1), hence gC = 0, i.e. C is a line or a conic.
Step 4. The case β = 1. Using (4.3.1) we obtain no. 6, 9, 10, 11, 15, 16, 17, 18,
20, 21, 22, 23 and 24.
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Step 5. The case β = 2. (i) r = 1, ǫ = 1. Then α = 1, 2(−KX)3 = H3 − d,
KX · D2 = H3 − 2d, 4(gC − 1) = 3d − H3 and 4(gB − 1) = −3d + H3, hence
gC = gB = 0. We obtain no. 4 for H
3 = 16. The case H3 = 22 is impossible, since
X ′ cannot be hyperelliptic by Lemma 4.10, but (4.10.4) does not hold.
(ii) r = 2, ǫ = 1. Then α = 3, 2(−KX)
3 = 4H3 − d, KX · D
2 = 6H3 − 2d,
4(gC − 1) = 7d − 12H3 and 4gB = 8H3 − 8 − 3d, hence 4 | d and d ≤ 8. For
d = 8 we obtain no. 8. For d = 4 we have H3 = 3, (−KX)3 = 4, gC = 0, gB = 1,
KX ·D2 = 10, but (4.10.2) does not hold.
(iii) r = 2, ǫ = 2. Then α = 2, (−KX)3 = 4H3 − d, KX · D2 = 8H3 − 4d,
4(gC − 1) = 6d− 8H3, D3 = −24H3 + 16d and 2gB = −2+ 4H3− 3d, hence d ≤ 6
is even. By Lemma 4.8 (2), here D3 = 4d− 24a, which gives 2H3 = 4 + d. This is
no. 12.
(iv) r = 3, ǫ = 1. Then α = 5, H3 = 2, 2(−KX)
3 = 18− d, KX ·D
2 = 30− 2d,
4(gC − 1) = 11d− 90 and 4gB = 34 − 3d. Hence d is even, 8 ≤ d ≤ 11 and 4 6 | d.
We obtain no. 14.
(iv) r = 3, ǫ = 2. Then α = 4, H3 = 2 and hence D3 = 16(d−10). On the other
hand, D3 = 4d− 16α by Lemma 4.8 (2), hence d = 8 and gC = 3. Since ǫ = 2, D
is a smooth P1-bundle over B. The image D1 = φ(D) is a nonnormal, Gorenstein
surface of degree 4 in Q3 with normalization φD : D → D1. Let τ : Q3 → P3 be a
double cover, ramified along some quadric Q and define D2 = τ(D1), which is again
Gorenstein. Assume τ |D1 is generically 2:1. Then D2 is a quadric in P3 containing
the image τ(C). The pullback to X defines a section in |2φ∗H − E|, which is
impossible. Hence τ |D1 is 1:1 and D2 is a quartic in P3. The same argument
shows that C cannot be contained in the ramification divisor Q, i.e., τ |D1 is an
isomorphism at least outside some curve N , meeting C at most in points. Then by
subadjunction, KD1 = τ
∗KD2 − λN for some λ ≥ 0 outside the finite set C ∩ N .
On the other hand, KD1 = H |D1 and KD2 = OD2 by adjunction formula. Since
N\(N ∩C) is in the smooth locus of D1\(N ∩C), the pullback to D is well defined
and we find φ∗H |D = −λφ∗DN outside a finite set. This is impossible.
(v) r = 4, ǫ = 1. Then α = 7, H3 = 1, 2(−KX)3 = 16− d, KX ·D2 = 28− 2d,
4(gC − 1) = 15d− 112 and 4gB = 32− 3d. We conclude d = 8. Then (−KX)3 = 4,
KX ·D
2 = 12, gC = 3 and gB = 2, but (4.10.2) does not hold.
(vi) r = 4, ǫ = 2. Then α = 6 and H3 = 1 and hence D3 = 4(4d− 42). On the
other hand, D3 = 4d−12a by Lemma 4.8 (2), hence d = 8. We obtain (−KX)3 = 8,
KX ·D2 = 16, gC = 5 and gB = 2, but (4.10.4) does not hold.
Step 6. The case β = 3. (i) r = 1, ǫ = 1. Then α = 2, 3(−KX)3 = H3 − d,
KX · D2 = 2H3 − 3d, 6(gC − 1) = 5d − 2H3 and 6gB = −18 + 7H3 − 13d. We
get either H3 = 18 or H3 = 10. In the first case, we have d = 6, (−KX)
3 = 4,
KX ·D2 = 18, gC = 0, but (4.10.2) does not hold. For H3 = 10, we obtain no. 2.
(ii) r = 1, ǫ = 2. Then α = 1, 3(−KX)3 = 2(H3 − d), KX ·D2 = 2(H3 − 3d),
6(gC − 1) = 4d − H3 and 2gB = 14 − H3 + 2d. From Lemma 4.8 (2) we infer
4d = H3 − 6, hence 4 | (H3 − 6) and 2 | d. Then H3 = 14, 18 or 22. In the first
case we get (−KX)3 = 8, but (4.10.4) does not hold. Assume H3 ≥ 18. Then
α = 1 and ǫ = 2 imply that the image φ(D) ⊂ Y is a member in |H |, cut out by
lines and Sing(φ(D)) = C. We claim that the divisor R cut out by all the lines is
an irreducible, generically reduced member of |dH | for d ≥ 2, except Y = VMU22 ,
the almost homogeneous Mukai-Umemura threefold. Indeed, if Y 6= VMU22 , but
H3 = 18 or 22, every component of R is generically reduced by [Pr90] and by
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[IS00], Y contains a 1-dimensional family of pairs of intersecting lines, implying
R ∈ |OY (d)| with d ≥ 2 as claimed (see [T72]). But for Y = VMU22 , the divisor cut
out by lines is singular along the closed orbit, which is a rational curve of degree
12 (see [MU83] or [JR03]).
(iii) r = 2, ǫ = 1. Then α = 5, 3(−KX)
3 = 4H3 − d, KX · D
2 = 10H3 − 3d,
6(gC − 1) = 11d− 20H3 and 6gB = −24+ 40H3− 13d. We get H3 = 3 or H3 = 4.
In the first case we have (−KX)3 = 2, d = 6, gC = 2, KX ·D2 = 12 and gB = 3,
but (4.10.5) does not hold. For H3 = 4 we get no. 7.
(iv) r = 2, ǫ = 2. Then α = 4, 3(−KX)3 = 2(4H3− d), KX ·D2 = 2(8H3− 3d),
6(gC − 1) = 10d − 16H3 and gB = 13 − 4H3 + d. From Lemma 4.8 (2) we infer
2d = 5H3 − 6 hence H3 is even. We get H3 = 4, (−KX)3 = 6, d = 7, gC = 2,
KX ·D2 = 22 and gB = 4, but (4.10.3) does not hold.
(v) r = 3, ǫ = 1. Then α = 8, 3(−KX)
3 = 18 − d, KX · D
2 = 48 − 3d and
6(gC − 1) = 17d− 144, hence 6 | d. We get no. 13.
(vi) r = 3, ǫ = 2. Then α = 7, 3(−KX)3 = 2(18 − d), KX · D2 = 2(42 − 3d),
6(gC − 1) = 16d− 126. From Lemma 4.8 (2) we infer 2d = 21, which is impossible.
(vii) r = 4, ǫ = 1. Then α = 11, 3(−KX)3 = 16− d and 6(gC − 1) = 23d− 176.
We get (−KX)3 = 2, d = 10 and gC = 10, but (4.10.5) does not hold.
(viii) r = 4, ǫ = 2. Then α = 10 and from Lemma 4.8 (2) we infer d = 10,
which is case no. 19.
Step 7. The case β = 4. Here X ′ is hyperelliptic with (−KX)3 = 2 and ǫ = r.
(i) r = 1, ǫ = 1. Then α = 3, d = H3 − 8, hence KX · D
2 = 32 − H3,
2gC = H
3 − 12, 2gB = 58 − 3H3. We obtain 12 ≤ H3 ≤ 18. From (4.10.5) we
infer H3 = 16, d = 8, gC = 2, KX · D2 = 16 and gB = 5. The double cover
µ : X ′ → P3 is ramified along the image of E. Denote E1 = ψ(µ(E)). Then E1 is
a sextic in P3, containing the smooth curve µ(B) ≃ B with multiplicity 2. Define
τ : X˜ = Blµ(B)(P3) → P3 and call the exceptional divisor E˜. We get an induced
double cover σ : X → X˜, ramified along the strict transform E2 of E1, and such
that σ∗E˜ = D. The pullback σ∗(−KX˜) = σ
∗(τ∗OP3(1)− E˜) = −4KX −D = φ
∗H
is big and nef on X , hence X˜ is again an almost Fano threefold with ρ = 2. Since
the anticanonical map of X˜ contracts the divisor E2 to a curve isomorphic to C by
construction, E2 plays the role of D on X˜ and we obtain the invariants β(X˜) = 2
and α(X˜) = 6. Such an almost threefold does not exist by Step 5.
(ii) r = 2, ǫ = 2. Then α = 6, d = 4H3−4,KX ·D2 = 2(16−4H3), gC = 4H3−6,
hence 2 ≤ H3 ≤ 3. From Lemma 4.8 (2) we infer 9H3 = 12, which is impossible.
Step 8. Constructions.
No. 1. Let φ˜ : X˜ → V2,4 be the blowup of the Fano threefold V2,4 along a line C˜,
with exceptional divisor E˜. Then X˜ is a Fano threefold with ρ = 2, such that the
second contraction is birational, contracting a divisor D˜ ∈ |φ˜∗OQ3(2) − 3E˜| onto
a curve of genus 2 and degree 5 in P3 (see [IP99], § 12.3., no. 19). Consider the
double cover Y = V1,8 → V2,4, ramified along a general quadric S. Then S meets C˜
in 2 points, i.e., the pullback of C˜ yields a smooth rational curve C ⊂ Y of degree
2. The blowup X = BlC(Y ) is a double cover σ : X → X˜, ramified along φ˜∗S,
i.e., −KX = σ∗(−KX˜ − φ˜
∗OV2,4(1)) is trivial on the pullback of a general fiber of
the divisor D˜. Then X is an almost Fano threefold with ρ(X) = 2, such that ψ
contracts the pullback D of D˜ to a curve of genus 2 and degree 5 in P3.
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Note that every Fano threefold X˜ with ρ(X˜) = 2 admitting two birational con-
tractions, both contracting a divisor to a curve, provides an example for our case.
By classification, there are 6 such X˜. We obtain no. 1, 2, 3, 7, 8, and 13 this way.
No. 2. Analogously to no. 1 consider a double cover V1,10 → V2,5 ramified along
a general quadric S in V2,5 and let C be a double cover of a conic C˜ in V2,5 (see
also [Gu82]). The blowup X˜ = BlC˜(V2,5) is a Fano threefold, such that the second
contraction is birational (see [IP99], § 12.3., no. 22).
No. 3. For a general conic in V1,10, the anticanonical map ψ is small, but [IP99],
p.86, Example is a special one with ψ divisorial. We may also constructX as double
cover of a Fano threefold X˜ as in no. 1: take X˜ = BlC˜(V2,5), where C˜ is a line in
V2,5. Then X˜ is a Fano threefold, such that the second contraction is birational
(see [IP99], § 12.3., no. 26).
No. 4. Let x0, . . . , x5 be homogeneous coordinates of P5 and consider the rational
normal curve B = B4 of degree 4 in P4 = {x5 = 0} from Example 3.5, now
embedded into P5. Let f ∈ C[x0, . . . , x4] be the cubic determinant, defining the
secant variety S1(B) in P4. Define a new cubic
K = f + x5q ∈ H
0(P5, I
2
B(3))
with q ∈ C[x0, . . . , x5] a general quadric. Let
Q4 =
∑
λiqi + x5l
be a general quadric containing B, with l ∈ C[x0, . . . , x5] linear. Then the strict
transforms Kˆ and Qˆ4 of K and Q4 in BlB(P5) are smooth and their intersection is
a smooth almost Fano threefold X with anticanonical model X ′ = K ∩Q4.
The quadrics vanishing on B define a birational, small contraction φ of BlB(P5)
contracting the strict transform Sˆ1(B) of S1(B) = K ∩ {x5 = 0} onto a P2, em-
bedded via Veronese into P11. Define Y = φ(X) in P11. On the intersection
X = Kˆ ∩ Qˆ4, the map φ becomes divisorial, contracting Sˆ1(B) ∩ Qˆ4 onto a conic
in P2. This shows X = BlC(Y ) with C a rational curve of degree 4 in Y .
No. 5. Let S ∈ |H | be a general section on Y = V2,2. Since H is globally generated
([IP99], Theorem 2.3.1), S is a smooth. By adjunction, −KS = H |S , hence S is a
del Pezzo surface of degree 2 and we have a map π : S → P2, which is a blowup in
7 general points. Let l1, . . . , l7 be the (−1)-curves. Then −KS = π∗O(3) −
∑
li.
Take
C ∈ |π∗O(5)− 2l1 − · · · − 2l6 − l7|
general. We claim that C is a smooth curve: C is the strict transform of a curve in
P2 with exactly 6 double points containing the 7th point in the smooth locus. Let
π′ : S′ → P2 be the blowup in the first 6 points with exceptional curves l′1, . . . , l
′
6.
Then S′ is the cubic in P3 and a linear system |W | contains a smooth irreducible
member, if W 2 > 0 and W · l ≥ 0 for each of the 27 lines l on S′. This is true for
|π′∗O(5)− 2l′1 − · · · − 2l
′
6|. By construction, C is a conic.
Define now X = BlC(Y ) and let D be the strict transform of S. We claim that
X is almost Fano, such that the anticanonical map contracts D to a rational curve.
From C ⊂ S we get a short exact sequence
0→ IS/Y → IC/Y → IC/S → 0.
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The sequence remains exact on H0-level after twisting by OY (2H). By construc-
tion, IC/S(2) = 2H |S − C = π
∗O(1) − l7. This shows: −KX is generated with
(−KX |D)2 = 0, but −KX |D 6≡ 0, hence the morphism defined by |−KX | contracts
D to a curve. Proposition 1.7 implies X ′ is a complete intersection of a quadric
and a cubic in P5.
No. 6. Analogously to no. 5, let S ∈ |H | be general on Y = V2,3. Then S is a del
Pezzo surface of degree 3, i.e. π : S → P2 is the blowup in 6 general points. Here
take
C ∈ |π∗O(5)− 2l1 − · · · − 2l5 − l6|
general. Consider again the blowup π′ : S′ → P2 in the first 5 points and note that
π′
∗O(3)− l′1− · · · − l
′
4− 2l
′
5 is globally generated by [Ha77], V, Proposition 4.3 and
that π′∗O(2)− l′1−· · ·− l
′
4 is globally generated as well. Moreover, O(1) has enough
sections, i.e. Bertini shows the existence of a smooth C.
By construction, C is a smooth elliptic curve of degree 4 and X = BlC(Y ) is
almost Fano with (−KX)3 = 8, such that ψ contracts the strict transform D of S
to a rational curve. By Proposition 1.7, X ′ ⊂ P6 is a complete intersection of 3
quadrics.
No. 7. Analogously to no. 1, let φ˜ : X˜ → Q3 be the blowup of a quadric Q3
along an elliptic curve C˜ of degree 5, with exceptional divisor E˜. Then X˜ is a Fano
threefold with ρ = 2, such that the second contraction is birational, contracting a
divisor D˜ ∈ |φ˜∗OQ3(5) − 3E˜| onto an elliptic curve of degree 5 in P3 (see [IP99],
§ 12.3., no. 17). Consider the double cover Y = V2,4 → Q3, ramified along a general
quadric S. Then S meets C˜ in 10 points, i.e., the pullback of C˜ yields a smooth
curve C ⊂ Y of genus 6 and degree 10. As seen in no. 1, the blowup X = BlC(Y )
is an almost Fano threefold with ρ(X) = 2, such that ψ contracts the pullback D
of D˜ to an elliptic curve of degree 5 in P3.
No. 8. Let x0, . . . , x4 be homogeneous coordinates of P4. Let B = B4 be the
rational normal curve of degree 4 in P4 and let f be the cubic determinant, defining
the secant variety S1(B) to B as in Example 3.5. Then S1(B) is a canonical
Gorenstein Fano threefold with singularities of type cA1 along B and the blowup
BlB(S1(B)) is smooth. Let on the other hand
Q3 =
∑
λiqi, Z =
∑
λijqiqj
be a general quadric containing B and a general member in H0(P4, I
2
B/P4
(4)). De-
note the blowup map BlB(P4) → P4 by ψ with exceptional divisor D. It is easily
checked that the strict transforms Qˆ3 and Zˆ in BlB(P4) are smooth.
The quadrics q0, . . . , q5 cutting out B define a morphism
φ : BlB(P4) −→ P5
onto the smooth quadric Q = q1q4 − q2q3 − q0q5, which is the blowup of Q in a P2,
embedded into P5 via Veronese, with exceptional divisor BlB(S1(B)) = P(N
∗
P2/Q
)
(see Example 3.5). By construction, Qˆ3 ∈ |φ
∗OP5(1)| is the pullback of a hyperplane
section, hence Qˆ3 ∩BlB(S1(B)) is a P1-bundle over a conic in P2. The same holds
true for Zˆ ∈ |φ∗OP5(2)|, meaning Zˆ ∩ BlB(S1(B)) is a P1-bundle over a smooth
curve of degree 4 in P2.
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1.) Define X ′ = Z a quartic in P4. Then the strict transform Zˆ = X is a smooth
almost Fano threefold, mapped onto the complete intersection Y of two quadrics in
P5 by the birational map φ|X . The exceptional divisor of φ on X is Zˆ∩BlB(S1(B)),
i.e. X is the blowup of Y in a curve of degree 8 and genus 3.
2.) Define a double cover σ : V → BlB(P4), ramified along Zˆ. Let X be defined
by the restriction to Qˆ3. Then X is a smooth almost Fano threefold and the Stein
factorization of ψ ◦ σ gives
X
σ
//

Qˆ3
ψ

X ′
2:1
// Q3,
where the induced map X → X ′ is the anticanonical map of X , i.e. X ′ is hyper-
elliptic. The Stein factorization of φ ◦ σ gives a similar diagram, defining a double
cover
Y
2:1
−→ Q ∩H,
with H = φ(Qˆ3) a hyperplane in P5. Then Y is a smooth Fano threefold of index
2 and degree 4. On the exceptional divisor S1(B) → P2, the intersection with
Qˆ3 gives a P1-bundle, σ is ramified over 8 fibers, since the ramification divisor
Zˆ ∈ |φ∗OP5(2)|. This shows X → Y contracts a divisor onto a smooth curve C,
which is a double cover of P1, ramified over 8 points. Hence gC = 3 and the degree
of C in Y is 8.
We may also construct X as double cover as in no. 1: take X˜ = BlC˜(Q3), where
C˜ is a twisted quartic. Then X˜ is a Fano threefold admitting a second birational
contraction onto a quadric Q3 (see [IP99], § 12.3., no. 21).
No. 9. Analogously to no. 5, let S ∈ |H | be general on Y = V2,4. Then S is a del
Pezzo surface of degree 4, i.e. π : S → P2 is the blowup in 5 general points. Here
take
C ∈ |π∗O(5)− 2l1 − · · · − 2l4 − l5|
general. The same argument shows C is a smooth curve of genus 2 and degree 6,
and X = BlC(Y ) is almost Fano with (−KX)3 = 10, such that ψ contracts the
strict transform D of S to a rational curve. Mukai’s classification applies, since
ǫ = 1.
No. 10. Analogously to no. 5, let S ∈ |H | be general on Y = V2,5. Then S is a del
Pezzo surface of degree 5, i.e. π : S → P2 is the blowup in 4 general points. Here
take
C ∈ |π∗O(5)− 2l1 − · · · − 2l3 − l4|
general. The same argument shows C is a smooth curve of genus 3 and degree 8,
and X = BlC(Y ) is almost Fano with (−KX)
3 = 12, such that ψ contracts the
strict transform D of S to a rational curve. Mukai’s classification applies, since
ǫ = 1.
No. 11. Analogously to no. 5, let S ∈ |H | be general on Y = V2,5. Then S is a del
Pezzo surface of degree 5, i.e. π : S → P2 is the blowup in 4 general points. Here
take
C ∈ |π∗O(4)− 2l1 − · · · − 2l3|
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general. The same argument shows C is a smooth rational curve of degree 6, and
X = BlC(Y ) is almost Fano with (−KX)3 = 14, such that ψ contracts the strict
transform D of S to a rational curve. Mukai’s classification applies, since ǫ = 1.
No. 12. The following description of V2,5 as an Sl2(C)-almost homogeneous three-
fold is due to Mukai and Umemura ([MU83]): think of P6 as P(H
0(P1,OP1(6))) and
denote by t0, t1 homogeneous coordinates of P1. Then
V2,5 = Sl2(C)[t0t1(t40 + t
4
1)],
i.e., V2,5 is the closure of [t0t1(t
4
0 + t
4
1)] ∈ P(H
0(P1,OP1(6))) under the natural
Sl2(C) action. There are two more orbits besides Sl2(C)[t0t1(t
4
0 + t
4
1)] in V2,5:
i) the two-dimensional orbit Sl2(C)[t0t
5
1],
ii) the one-dimensional closed orbit C = Sl2(C)[t
6
1].
The union of these two orbits gives an irreducible surface S ⊂ V2,5, contained in
|2H |, and singular along C. From the above description one sees that the normal-
ization of S is isomorphic to P1 × P1, the normalization map
ν : P1 × P1 −→ S
is given by an incomplete subsystem of bidegree (1, 5), and ν(∆) = C. In particular
C is a rational normal curve in P6.
Define X = BlC(V2,5). The strict transform D ≃ P1×P1 of S is in |2φ∗H−2E|.
The restriction of −KX to D is of bidegree (0, 8). We claim that −KX′ does not
admit a moving decomposition: assume −KX′ ∼W1+W2 for two Weil divisors. If
Ŵ1 and Ŵ2 are their strict transforms in X , then −KX = Ŵ1 + Ŵ2 + λD for some
integer λ ≥ 0. This means (1 − 2λ)(φ∗H − E) is effective, implying λ = 0. Then
Ŵ1 = φ
∗H − kE and Ŵ2 = (k − 1)E for some k ≥ 1 (or vice versa). But this is
impossible, since D ∈ |2φ∗H − 2E| is exceptional.
No. 13. Analogously to no. 1, here X is a double cover of the Fano threefold X˜,
obtained as blowup of P3 along a curve C˜ of degree 6 and genus 3, which is cut
out by cubics ([IP99], § 12.3., no. 12). The second contraction of X˜ is birational,
contracting a divisor D˜ ∈ |φ˜∗OP3(8) − 3E˜| again to a curve of degree 6 and genus
3 in P3. Let Y = Q3 → P3 be a double cover, ramified along a general quadric and
let C be the pullback of C˜. Then C is a smooth curve of genus 11 and degree 12
and the blowup X = BlC(Y ) is almost Fano, such that ψ contracts the pullback D
of D˜ to a curve B of degree 6 and genus 3 in P3.
No. 14. Let x0, . . . , x4 be homogeneous coordinates of P4. Let B be the elliptic
normal curve of degree 5 in P4, cut out by the 5 quadrics q0, . . . , q4 vanishing on B.
Let ψ : BlB(P4) → P4 the blowup of B and define a quartic K in P4 by
∑
λijqiqj
with λij ∈ C general.
1.) Define X ′ = K. Then the strict transform X of X ′ in BlB(P4) is a smooth
almost Fano threefold. The map BlB(P4)→ P4 defined by q0, . . . , q4 realizes X as
blowup of the quadric Q3 defined by
∑
λijyiyj.
2.) Define a smooth quadric W ⊂ P4 containing B by
∑
λiqi. Consider the
double cover σ : V → BlB(P4), ramified along the (smooth) strict transform of the
quartic K. The induced covering of the strict transform of W is a smooth almost
Fano threefold X , and the Stein factorization of σ ◦ ψ is the anticanonical map
X → X ′, followed by a double cover X ′ → W , ramified along the intersection of
the quadric and the quartic, which still contains B as singular locus.
39
No. 15. Analogously to no. 5, let S ∈ |2H | be general on Y = Q3. Then S is a del
Pezzo surface of degree 4, i.e. π : S → P2 is the blowup in 5 general points. Here
take
C ∈ |π∗O(8)− 3l1 − · · · − 3l4 − 2l5|
general. Write π∗O(8) − 3l1 − · · · − 3l4 − 2l5 = −2KS + (π∗O(2) − l1 − · · · − l4).
The existence of a smooth C follows, since 4 general points in P2 are cut out by 2
quadrics and −KS is very ample. Hence C is a smooth curve of genus 8 and degree
10. By Proposition 1.7, X ′ ⊂ P6 is a complete intersection of 3 quadrics.
No. 16. Analogously to no. 15, let S ∈ |2H | be general on Y = Q3. Here take
C ∈ |π∗O(7)− 3li − · · · − 3l4 − l5|
general. Write π∗O(7)− 3l1− · · ·− 3l4− l5 = −KS +2(π∗O(2)− l1− · · ·− l4). The
existence of a smooth C follows as above. Hence C is a smooth curve of genus 3
and degree 8. Since ǫ = 1, Mukai’s classification for X ′ applies.
No. 17. Analogously to no. 15, let S ∈ |H | be general on Y = Q3. Then S ≃
P1×P1. Here take C ∈ |O(2, 3)| general. Then C is a smooth curve of genus 2 and
degree 5 on Q3. Define as usual X = BlC(Y ) and let D be the strict transform of
S. From 3H |S−C ∈ |O(1, 0)| we infer that −KX is generated with (−KX |D)2 = 0,
but −KX |D 6≡ 0.
Note that X ′ cannot be hyperelliptic by Proposition 1.6. Analogously to no. 22,
X ′ is contained in the double cone over Q3 →֒ P13 embedded with |OQ3(2)|. But
here X ⊂ P(O⊕2Q3 ⊕OQ3(2)) is not a complete intersection.
No. 18. Analogously to no. 17, let S ∈ |H | be general on Y = Q3. Then S ≃
P1 × P1. Here take C ∈ |O(1, 3)| general. Then C is a smooth rational curve of
degree 4 on Q3. Analogously to the last case, X
′ is contained in the triple cone
over Q3 →֒ P13. Again X ⊂ P(O
⊕3
Q3
⊕OQ3(2)) is not a complete intersection.
No. 19. Let x0, . . . , x4 be homogeneous coordinates of P4 and letM be a symmetric
(4 × 4)-matrix with linear entries in C[x0, . . . , x4]. Let X ′4 ⊂ P4 be defined by the
determinant of M . By [CC97], the (3× 3)-minors of M cut out a smooth curve B
of genus 6 and degree 10 in P4. This is the singular locus of X
′ = X ′4.
Let on the other hand y0, . . . , y3 be homogeneous coordinates of P3. Multiply-
ing M with the vector (y0, . . . , y3)
t, we obtain 4 sections of |O(1, 1)| on P3 × P4.
These cut out a smooth almost Fano threefold X , the desingularisation of X ′. The
projection onto P4 maps X birationally onto X
′, the exceptional locus is a divisor
D over the singular locus B of X ′.
The projection onto P3 is birational as well. Write M · (y0, . . . , y3)t = N ·
(x0, . . . , x4)
t, where N is a (4 × 5)-matrix with linear entries in C[y0, . . . , y3]. By
the Hilbert-Burch theorem the (4 × 4)-minors of N cut out a smooth curve C of
genus 11 and degree 10 in P3 and X = BlC(P3). By Lemma 4.10, X
′ cannot by
hyperelliptic.
Note that if M is not symmetric, the singular locus of X ′ consists of 20 points,
i.e. the contraction X → X ′ is small.
No. 20. Analogously to no. 5, let S ∈ |3H | be general on Y = P3. Then S is a del
Pezzo surface of degree 3. Take
C ∈ |π∗O(11)− 4l1 − · · · − 4l5 − 3l6|
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general. Then a linear system |W | contains a smooth irreducible member ifW 2 > 0
and W · l ≥ 0 for each of the 27 lines l on S ([Ha77], V, Theorem 4.11.). This is
true in our case. By construction, C is a curve of genus 12 and degree 10. By
Proposition 1.7, X ′ ⊂ P5 is a complete intersection of a quadric and a cubic.
No. 21. Analogously to no. 20, let S ∈ |3H | be general on Y = P3. Here take
C ∈ |π∗O(10)− 4l1 − · · · − 4l5 − 2l6|
general. This gives a smooth curve of genus 5 and degree 8 on P3. By Proposi-
tion 1.7, X ′ ⊂ P6 is a complete intersection of 3 quadrics.
No. 22. Analogously to no. 17, let S ∈ |2H | be general on Y = P3. Then
S ≃ P1×P1. Take C ∈ |O(3, 4)| general. Then C is a smooth curve of genus 6 and
degree 7 on P3. Define as usual X = BlC(Y ) and let D be the strict transform of
S. From 4H |S−C ∈ |O(1, 0)| we infer that −KX is generated with (−KX |D)2 = 0,
but −KX |D 6≡ 0.
Note that X ′ cannot be hyperelliptic by Proposition 1.6. The anticanonical map
ψ : X → X ′ is the resolution of the rational map P3 ⇀ P11 defined by all quartics of
P3 vanishing on C. These are qq0, . . . , qq9 and two further quartics, where q defines
S and q0, . . . , q9 are all quadrics of P3. This shows X
′ is contained in the double
cone over the 2-uple embedding P3 →֒ P9. The surface S is mapped to the vertex
of the cone, which is the line B. Blowing up B, we find X as complete intersection
of two general elements from |O(1)⊗ π∗OP3(1)| in P(O
⊕2
P3
⊕OP3(2)).
The projection onto P3 is our birational map φ. A section from |O(1)⊗π∗OP3(1)|
corresponds to a section of the vector bundle OP3(1)
⊕2 ⊕OP3(3), is hence a vector
(l, l′, f) with two linear forms l, l′ and a cubic f on P3. The exceptional locus of φ
then lies over the curve in P3 cut out by the minors of the matrix(
l1 l
′
1 f1
l2 l
′
2 f2
)
,
the rows corresponding two the two sections cutting out X .
No. 23. Analogously to no. 22, let S ∈ |2H | be general on Y = P3 and take
C ∈ |O(2, 4)| general. Then C is a smooth curve of genus 3 and degree 6 on P3
(compared to the curve C˜ ⊂ P3 in no. 13, here C is not cut out by cubics).
Note that X ′ cannot be hyperelliptic by Proposition 1.6. Analogously to the
last case, here X ′ is contained in the tripel cone over P3 →֒ P9, since P3 ⇀ P12 is
defined by qq0, . . . , qq9 and three further quartics. The surface S is mapped to a
conic in the vertex, i.e. X ′ is moreover contained in some quadric, not containing
the cone. In this case, X ⊂ P(O⊕3
P3
⊕OP3(2)) is not a complete intersection.
No. 24. Analogously to no. 22, let S ∈ |2H | be general on Y = P3 and take
C ∈ |O(1, 4)| general. Then C is a smooth rational curve of degree 5 on P3.
Note that X ′ cannot be hyperelliptic by Proposition 1.6. Analogously to the
last case, X ′ is contained in the 4-cone over P3 →֒ P9, since P3 ⇀ P12 is defined
by qq0, . . . , qq9 and 4 further quartics. The surface S is mapped to a rational
curve of degree 3 in the vertex. Again, X ⊂ P(O⊕4
P3
⊕ OP3(2)) is not a complete
intersection. 
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(B) Assume ψ contracts D to a point. Let again beD = αφ∗H−βE in Pic(X).
Since E 6= D and D is irreducible, we have α, β > 0 for the same reason as above.
Concerning the anticanonical model X ′ note that |−KX′ | never admits a moving
decomposition in this case (see 4.7): assume −KX′ ∼W1 +W2 with Weil divisors
W1 and W2. Since |−KX′ | is base point free, we may assume a general member of
|W1| does not meet the point X ′sing = ψ(D). Then W1 is Cartier, implying W2 is
Cartier as well. But Pic(X ′) ≃ Z · (−KX′) by 4.1.2. We conclude that either X ′ is
hyperelliptic or can be found in Mukai’s table A.1.
4.11. Theorem. Let X be an almost Fano threefold with ρ(X) = 2. Assume
X = BlC(Y ) with Y a smooth Fano threefold of index r and C ⊂ Y a smooth
curve, and assume |−KX | induces a divisorial map ψ : X → X ′, contracting D to
a point. Then β = 1 and C is the complete intersection of φ(D) ∈ |r′H | for some
r′ < r and an element in |−KY |. We obtain the data of no. 25 in table 4.9 and all
of these cases really exist.
Proof. By assumption, X ′ is smooth outside a single point p = ψ(D), and −KX′ =
µ∗H ′ is globally generated and ample. Assume X ′ is not hyperelliptic. Then H ′
is very ample on X ′, i.e. the point p may be cut out by the sections in |−KX′ | =
|H ′|X′ | vanishing on p. Then the same argument as in the proof of Lemma 4.10
shows β = 1 and r−α > 0 by restricting to some exceptional fiber of φ, or to some
general irreducible curve in X not meeting E. In particular, r ≥ 2 and α ≤ 3 in
this case. If X ′ is hyperelliptic, then −2KX′ is very ample, and the same argument
as above shows β ≤ 2 and α < 2r.
Assume first β = 2. Then X ′ is hyperelliptic, hence (−KX)
3 ≤ 8 by Proposi-
tion 1.6. Considering the twisted ideal sequence of p in X ′ shows
h0(X,−KX −D) ≥ h
0(X,−KX)− 1.
We have −KX −D = (r − α)φ∗H + E, implying α < r. In particular, r ≥ 2. As
above we have
2, 4, 8 = r3H3 − 2rd+ 2gC − 2,
0 = αr2H3 − (α+ 2r)d+ 4gC − 4,
0 = α2rH3 − 4αd+ 8gC − 8.
If r = 2, then α = 1 and the second line implies 4 | d, hence H3 = 4 by the third
line. We obtain d = 4 and gC = 2, contradicting the first line. Assume r = 3. If
α = 1, the last two lines come up with 10d = 32, which is impossible. For α = 2
we obtain d = 5 and gC = 3, contradicting the first line. If r = 4, the last two lines
give α = 2, gC = 3 and d = 4, contradicting the first line.
For β = 1, let S ∈ |−KX | be general. Since X ′ has only an isolated singularity
and |−KX′ | is base point free, S will not meet D. This means the images φ(S)
and φ(D) meet transversally in C, i.e., C is a complete intersection. The following
construction completes the proof:
No. 25. Analogously to no. 5 above, let S ∈ |r′H | be general on Y for r′ = α < r.
Then S is a del Pezzo surface. We choose C ∈ |rH |S | general. Since rH = −KY is
globally generated, the existence of a smooth C is clear. Then d = r′H |S ·(rH)|S =
rr′H3 and 2gC − 2 = rr′2H3 by adjunction. We have rH |S −C ∼ OS on S, hence
−KX is generated and ψ contracts the strict transform of S to a point. If X ′ is not
hyperelliptic, then Mukai’s classification applies as seen above. 
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5. Blowdown to a point
5.1. Setup. In this section φ : X → Y is the blowdown to a Fano threefold Y
with ρ(Y ) = 1, such that the exceptional divisor E is mapped to a point p. Then Y
is either smooth or has a terminal singularity at p. As usual, X is a smooth almost
Fano threefold with ρ(X) = 2, such that the anticanonical map ψ is divisorial with
exceptional divisor D. We have the following possibilities for (Y,E) (see [Mo82]):
(1) (E,OE(−E)) = (P2,OP2(1)) and Y is smooth;
(2) (E,OE(−E)) = (P2,OP2(2)) and Y is singular, 2-Gorenstein;
(3) (E,OE(−E)) = (Q,O(1)) and Y is singular, Gorenstein.
Here (Q,O(1)) denotes an irreducible quadric in P3 with restriction of OP3(1), i.e.,
Q is either P1× P1 or the quadric cone. We show the following classification result
5.2. Theorem. Let X be an almost Fano threefold with ρ(X) = 2. Assume
X = Blp(Y ) with Y a smooth or terminal Fano threefold of index r and p ∈ Y a
point. Assume |−KX | induces a divisorial map ψ : X → X ′. Then ψ contracts an
irreducible divisor D to a smooth curve B ⊂ X ′ and we are in one of the cases in
table A.5 and all of these cases really exist.
Proof. We first show that ψ(D) = B is a smooth curve in X ′. Let lψ be any
irreducible curve in the exceptional divisor D of ψ. Since −KX is trivial on lψ,
whereas φ is an extremal contraction and Y is Fano, lψ must meet E in points.
This shows E ∩ D 6= ∅ and ψ(D) is a curve B in X ′. By Proposition 1.8, B is
smooth and D · lψ = −2 for the general exceptional fiber of D. As in 4.8 we see
that B in X ′ is a curve of degree
deg(B) =
KX ·D2
2
.
Step 1. The case (E,OE(−E)) = (P2,OP2(1)). Here Y is a smooth Fano threefold
with ρ(Y ) = 1 and we may use Iskovskikh’s classification for Y . Let −KY = rH
for some r ∈ N and H a generator of Pic(Y ). Then
−KX = rφ
∗H − 2E.
Since the blowup of P3 and Q3 in a point is a Fano variety, we have r = 1 or 2.
The Picard group of X is generated by φ∗H and E over Z, i.e. we may write
D = αφ∗H − βE, for some α, β ∈ N.
We have φ∗H2 · E = φ∗H · E2 = 0, E3 = 1. Therefore
(−KX)
3 = r3H3 − 8.
From K2X ·D = 0 follows
β =
αr2
4
H3.
We have rφ∗H · lψ = 2E · lψ and αφ∗H · lψ−βE · lψ = −2 for the general exceptional
fiber lψ, hence
4 = (βr − 2α)φ∗H · lψ.
Defining ǫ = βr − 2α as usual, we obtain
ǫ =
α
4
(−KX)
3 = 1, 2, 4 and KX ·D
2 =
α2rH3
8
(−KX)
3.
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Since Y is smooth, we may compute χ(Y,H) by Riemann-Roch and obtain by the
same method as in Lemma 4.8
gB = 1−
2α
r
+
α2H3(3r − 2α)
12
+
β2(β − 3)
6
.
We continue case by case.
1.) r = 1. Then −KX is not divisible in Pic(X). If (−KX)
3 ≤ 8, then X ′
is either hyperelliptic or a complete intersection by Proposition 1.7. Applying the
same argument as in the proof of Lemma 4.10, we obtain in this case: if X ′ is a
complete intersection, then β ≤ 6. If X ′ is hyperelliptic and W = P3, then either
β ≤ 6 or β = 7 and r ≤ ǫ; if W ⊂ P4 is a quadric, then either β ≤ 4 or β = 5 and
r ≤ ǫ; if W is the Veronese cone, then either β ≤ 3 or β = 4, r ≤ ǫ and 2 | (ǫ − r).
Moreover, we have the following formulas, analogously to (4.10.2) etc.
(−KX)
3 = 2 : ǫ3H3 = 2β3 − 8(3β − 8) deg(B) + 32(gB − 1);(5.2.1)
(−KX)
3 = 4 : ǫ3H3 = 4β3 − 24(β − 2) deg(B) + 32(gB − 1);(5.2.2)
X ′ c.i., (−KX)
3 = 8 : ǫ3H3 = 8β3 − 8(3β − 4) deg(B) + 32(gB − 1).(5.2.3)
1.1.) ǫ = 1. Then α(H3 − 8) = 4 and H3 − 8 = (−KX)3 is even: (i) α = 1
and (−KX)3 = 4. Then H3 = 12, β = 3, KX ·D2 = 6 and gB = 0, contradicting
(5.2.2); (ii) α = 2 and (−KX)3 = 2. Then H3 = 10, β = 5, KX · D2 = 10 and
gB = 2, contradicting (5.2.1).
1.2.) ǫ = 2. Then α(H3 − 8) = 8: (i) α = 1 and (−KX)3 = 8. Then H3 = 16,
β = 4, KX ·D
2 = 16 and gB = 3. Since ǫ − r is not even, X
′ is not hyperelliptic
and we obtain a contradiction to (5.2.3); (ii) α = 2 and (−KX)3 = 4. Then
H3 = 12, β = 6, KX ·D2 = 24 and gB = 11, contradicting (5.2.2); (iii) α = 4 and
(−KX)3 = 2. We have H3 = 10 and β = 10. This is impossible.
1.3.) ǫ = 4. Then α(H3 − 8) = 16: (i) α = 1 and (−KX)3 = 16. Then H3 = 24,
which is impossible; (ii) α = 2 and (−KX)3 = 8. Then H3 = 16 and β = 8, a
contradiction; (iii) α = 4 and (−KX)3 = 4. We have H3 = 12 and β = 12, which
is again impossible; (iv) α = 8 and (−KX)3 = 2. We have H3 = 10 and β = 20, a
contradiction.
2.) r = 2. Then ǫ = 2α(H3 − 1), hence ǫ is even and H3 ≥ 2.
2.1.) ǫ = 2. Then α = 1, H3 = 2, (−KX)3 = 8, β = 2, KX ·D2 = 4 and gB = 0.
This is no. 5.
2.2.) ǫ = 4. (i) α = 1 and H3 = 3. Then (−KX)3 = 16, β = 3, KX ·D2 = 12
and gB = 1. This no. 7. (ii) H
3 = 2 and α = 2. Then (−KX)3 = 8, β = 4,
KX ·D2 = 16 and gB = 3. This is no. 6.
Step 2. The case (E,OE(−E)) = (P2,OP2(2)). Now Y is a terminal 2-Gorenstein,
2-factorial Fano threefold. Let −2KY = rH for some r ∈ N and H a generator of
Pic(Y ). Then
−2KX = rφ
∗H − E.
The Picard group of X is generated by φ∗H and E over 12Z, i.e. we may write
D = αφ∗H − βE, for some α, β ∈
1
2
N.
We have φ∗H2 · E = φ∗H · E2 = 0, E3 = 4. Therefore
(−KX)
3 =
r3H3 − 4
8
.
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From K2X ·D = 0 we deduce 4β = αr
2H3. For the general exceptional fiber lψ we
have rφ∗H · lψ = E · lψ and αφ∗H · lψ−βE · lψ = −2, hence ǫ := 2(βr−α) = 1, 2, 4.
This gives
4α(−KX)
3 = 1, 2, 4.
Since (−KX)3 is even, we have (−KX)3 = 2, α =
1
2 , β =
5
2 , r = 1, H
3 = 20 and
KX ·D2 = 10. Since φ∗H ·lψ = 1, we haveK2D = 8(1−gB) and obtain gB = 6; X
′ is
hyperelliptic with W = P3 and the strict transform Sˆ ∈ |φ∗H +E| is disconnected.
This is no. 4.
Step 3. The case (E,OE(−E)) = (Q,O(1)), with Q a quadric in P3. Here Q may
be either P1×P1, or the quadric cone, and Y is a terminal Gorenstein, but factorial
Fano threefold. Let as usual be −KY = rH for some r ∈ N and H a generator of
Pic(Y ). Then
−KX = rφ
∗H − E.
The Picard group of X is generated by φ∗H and E over Z, i.e. we may write
D = αφ∗H − βE, for some α, β ∈ N.
We have φ∗H2 · E = φ∗H · E2 = 0, E3 = 2. Therefore
(−KX)
3 = r3H3 − 2.
From K2X ·D = 0 follows
β =
αr2
2
H3,
and rφ∗H · lψ = E · lψ and αφ∗H · lψ − βE · lψ = −2 for the general exceptional
fiber lψ implies
2 = (βr − α)φ∗H · lψ.
Defining ǫ := βr − α as usual, we get
ǫ =
α
2
(−KX)
3 = 1, 2 and KX ·D
2 =
α2rH3
2
(−KX)
3.
1.) ǫ = 1. Then 2 = α(−KX)3 implies α = 1 and (−KX)3 = 2, hence r =
1, H3 = 4, β = 2 and KX · D2 = 4. Then X ′ → W = P3 is hyperelliptic
and deg(µ(B)) = 2 implies gB = 0. Here Y is a Gorenstein Fano threefold with
canonical (even terminal) singularities, hence either Y ⊂ P4 is a quartic or Y is
a double cover of a quadric in P4. In the first case, let π : Blp(P4) → P4 be
the blowup with exceptional divisor Eˆ. Then X ∈ |π∗OP4(4) − 2Eˆ| and D ∈
|(π∗OP4(1) − 2Eˆ)|X |. The twisted ideal sequence of X in Blp(P4) shows that this
system is empty. Hence Y is hyperelliptic. This is no. 1.
2.) ǫ = 2. Then 4 = α(−KX)3: (i) α = (−KX)3 = 2. Then r = 1, H3 = 4,
KX · D2 = 16 and β = 4. We have φ∗H · lψ = 1, hence D is a P1-bundle over B
and K2D = 8(1− gB). This gives gB = 9. Here X
′ is hyperelliptic with W = P3 and
the strict transform of the branch divisor Sˆ ∈ |φ∗H +E| is disconnected. As in the
last case we find that Y is hyperelliptic. This no. 2. (ii) α = 1 and (−KX)3 = 4.
Then r = 1, H3 = 6, β = 3 and KX ·D
2 = 12. We have φ∗H · lψ = 1, hence D is a
P1-bundle over B and K
2
D = 8(1− gB). We obtain gB = 4. This is no. 3.
Step 4. Constructions.
No. 1. Let x0, . . . , x3 be homogeneous coordinates of P3 and let q ∈ C[x0, x1, x2]
be homogeneous of degree 2, defining a smooth conic B′ in H ′ = {x3 = 0} ≃ P2.
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Let σ : X˜ → P3 be the blowup of P3 along B′ with exceptional divisor D˜. Take a
sextic defined by
S = λ1q
3 + λ2q
2x23 + λ3qx
4
3 + λ4x
6
3,
the λi ∈ C general, and define X as double cover τ : X → X˜ , ramified along
the strict transform S˜ of S. By construction, −KX = τ
∗σ∗OP3(1) is big and nef,
hence X is a smooth almost Fano threefold with (−KX)3 = 2. Let D ⊂ X be the
induced cover of D˜. Then the Stein factorization of X → P3 factorizes over the
anticanonical model X ′ and ψ : X → X ′ contracts the divisor D to a smooth curve
B ≃ B′.
Since B′ is cut out by quadrics, the system |σ∗OP3(2) − D˜| is base point free
and big, the pullback to X defines a birational map φ : X → Y onto some Fano
threefold Y . The strict transform H˜ ′ of H ′ in X˜ is isomorphic to H ′ ≃ P2, and
the restriction of S˜ to H˜ ′ is the conic B′. The induced cover of H˜ hence yields a
smooth quadric E ∈ |−KX −D|. We find that τ∗(σ∗OP3(2) − D˜) is trivial on E,
i.e., φ contracts E to a point.
No. 2. Let x0, . . . , x3 be homogeneous coordinates of P3 and let B
′ be the complete
intersection of a smooth quadric Q2 and a smooth quartic K. Then B
′ is a curve
of degree 8 and genus 9. Let σ : X˜ → P3 be the blowup of P3 along B′ with
exceptional divisor D˜ and define X as double cover τ : X → X˜, ramified along the
disjoint union of the strict transforms Q˜2 and K˜ of Q2 and K. As in no. 1, X is
almost Fano and ψ maps the pullback D of D˜ to a curve B ≃ B′.
The pullback of |σ∗OP3(4)− D˜| is base point free and big, defining a birational
map φ : X → Y . Since K˜ is part of the ramification divisor, the sytem becomes
divisible onX . Let E ⊂ X be the reduced pullback of Q˜2. Since Q2 andK intersect
in B′, the restriction of K˜ − D˜ is trivial on Q˜2, i.e., φ contracts E to a point.
No. 3. Let B ⊂ P4 be the complete intersection of a linear subspace L, a smooth
quadric Q and a general cubic K. Then B is a smooth curve of degree 6 and genus
4. As a curve in E′ = L ∩Q, the curve B is a divisor of degree 3. Note that E′ is
either P1 × P1 or a quadric cone, depending on L and Q.
1.) Define X ′ by the equation
f = λ1lk + λ2q
2,
where l, q, k are defining equations of L,Q,K, respectively, and λ1, λ2 ∈ C. Define
X = BlB(X
′). We find thatX is a smooth almost Fano threefold with (−KX)3 = 4.
Consider the rational map P4 ⇀ P19 defined by the cubics vanishing on B.
The resolution of this map yields a morphism φ′ : X → P19, which is birational.
By construction, φ′ contracts the strict transform E of E′ to a point. We have
constructed the morphism associated to |2φ∗H | = | − 3KX −D|.
2.) Consider B ⊂ Q and define X ′ as double cover of Q, ramified along R =
L +K. Note that the strict transforms of L and K become disjoint after blowing
up B.
No. 4. Let K ⊂ P3 be a general smooth quintic and H
′ a general hyperplane.
Then B′ = K ∩ H ′ is a smooth complete intersection curve of genus 6, which is
the singular locus of the sextic S = K + H ′. In the blowup BlB′(P3), the strict
transform Sˆ is the disjoint union of the smooth strict tramsforms of K and H ′.
Define X as double cover of BlB′(P3), ramified along Sˆ.
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No. 5. Consider the double cover ν : Y = V2,2 → P3, ramified along a smooth
quartic K in P3. Let R ⊂ Y be the reduced pullback of K and p ∈ R a point.
Note that K ≃ R is smooth. Define φ : X = Blp(Y ) → Y the blowup in p with
exceptional divisor E.
Define as usual H = ν∗OP3(1), i.e., −KY = 2H . In order to prove that X is
almost Fano, it is sufficient to show that |φ∗H − E| is base point free. We have
0 −→ IR(H) −→ Ip(H) −→ Ip/R(H) −→ 0,
hence H0(Y, Ip(H)) ≃ H0(Y, Ip/R(H)). This means the base locus of |Ip(H)| is
contained in the smooth surface R. But on R ≃ K, the system |H | is very ample.
It remains to ensure that ψ is divisorial. Let S ⊂ P3 be a hyperplane, such that
the intersection with K is a plane quartic curve with a double point. Let p be the
point over the singularity. Then the strict transform of S is D.
No. 6. By [IP99], Lemma 3.3.4, there exists a Y = V2,2 with a line Z whose
splitting type of the normal bundle is (2,−2). Using the notation of no. 5, take
the point p on Z ∩ R. Then −KX is big and nef, since p ∈ R, and there is a
one-dimensional family of lines through p, the strict transform is D.
No. 7. Let x0, . . . , x4 be homogeneous coordinates of P4. Let f3 ∈ C[x0, x1, x2]
be homogeneous of degree 3, defining a smooth elliptic curve B in P2, and let
q ∈ C[x0, . . . , x4] be a general quadric. Define
Y = {f3 + x4q = 0} ⊂ P4.
Then Y is a smooth cubic in P4, hence of type V2,3. The intersection with the
hyperplane H = {x4 = 0} is by construction the cone over the smooth elliptic
curve B, which we denote by D′. The vertex of D′ is the point
p = [0 : 0 : 0 : 1 : 0] ∈ Y ∩H = D′.
Define φ : Blp(P4) → P4 with exceptional divisor E and X := Blp(Y ) the strict
transform of Y . Then −KX = 2(φ∗OP4(1) − E)|X is big and nef. The strict
transform D of D′ is a smooth ruled surface in |φ∗H − 3E| on X , such that −KX
is trivial on the ruling, i.e., ψ contracts D to the elliptic curve B. 
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Appendix A. Tables
A.1. Mukai’s list. The following table can be found in [Muk95], it contains all
anticanonically embedded Gorenstein Fano threefolds with canonical singularities,
such that the anticanonical system does not admit a moving decomposition. Note
that all of these threefolds are degenerations of smooth ones.
g Anticanonical model
3 X ′4 = (4) ⊂ P4 a quartic.
4 X ′6 = (2) ∩ (3) ⊂ P5 a complete intersection.
5 X ′8 = (2) ∩ (2) ∩ (2) ⊂ P6 a complete intersection.
6 X ′10 ⊂ P7 is a quadric hypersurface section of a quintic del Pezzo 4-fold
V5 ⊂ P7. V5 ⊂ P7 may be chosen as the cone over a quintic del Pezzo 3-fold.
7 X ′12 ⊂ P8 is a linear section of a 10-dimensional orthogonal Grassmannian
variety. [Σ1012 ⊂ P15] ∩H1 ∩ · · · ∩H7.
8 X ′14 ⊂ P9 is a linear section of an 8-dimensional Grassmannian variety.
[G(2, 6) ⊂ P14] ∩H1 ∩ · · · ∩H5.
9 X ′16 ⊂ P10 is a linear section of a 6-dimensional symplectic Grassmannian
variety. [Σ616 ⊂ P13] ∩H1 ∩H2 ∩H3.
10 X ′18 ⊂ P11 is a linear section of a G2-variety. [Σ
5
18 ⊂ P13] ∩H1 ∩H2.
12 X ′22 ⊂ P13 is isomorphic to a threefold G(3, 7, N) ⊂ P13 obtained from a
non-degenerate 3-dimensional subspace N ⊂ ∧2C7.
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A.2. Del Pezzo fibrations. We use the notation of section 2. In the following
table dB/gB denotes genus and degree of the curve B, where the degree is by
definition H ′ · B with H ′ a general hyperplane section of X ′. A (k) means that
here X ′ is the image of |− 1kKX |. The abbreviation a.m. stands for anticanonical
model. Finally “?” indicates that the existence is still open.
No. (−KX)3 K2F X
′ dB/gB (α, β)
1 54 9 P(12, 22) (3) 1/0 (13 , 2)
2 4 4 X ′4 ⊂ P4 or
2:1 over Q3, ram. quartic
8/5 (2, 2)
3 2 3 2:1 over P3, ram. sextic 9/10 (3, 2)
4 4 2 2:1 over P(12, 22) 2/1 (1, 2)
5 6 3 X ′2,3 ⊂ P5 3/1 (1, 2)
6 8 4 X ′2,2,2 ⊂ P6 4/1 (1, 2)
7 10 5 a.m. of X ⊂ P(OP1(2)⊕O
⊕5
P1
) (?) 5/1 (1, 2)
8 12 6 a.m. of X ⊂ P(OP1(2)⊕O
⊕6
P1
) (?) 6/1 (1, 2)
9 16 8 2:1 over P3, ram. quartic (2) 4/1 (1, 2)
10 2 2 2:1 over P3, ram. sextic 1/0 (1, 1)
11 4 4 X ′4 ⊂ P4 or
2:1 over Q3, ram. quartic
2/0 (1, 1)
12 8 8 2:1 over Ver.c. 4/0 (1, 1)
13 2 4 2:1 over P3, ram. sextic 4/1 (2, 1)
14 32 8 X ′2 ⊂ P(1
2, 23) (2) 2/0 (12 , 2)
15 16 8 2:1 over P3, ram. quartic (2) 2/0 (
1
2 , 1)
A.3. Conic bundles. We use the notation of section 3. As above, dB/gB denotes
genus and degree of the curve B; a (2) means that here X ′ is the image of |− 12KX |;
the degree of the discriminant ∆ is d. If ∆ = 0, then (c1, c2) are the Chern
classes of F , such that X = P(F), else we denote with (c1, c2) the Chern classes
of E = φ∗(−KX). By S1(B4) we denote the secant variety to the rational normal
curve of degree 4. The abbreviation a.m. stands for anticanonical model.
No. (−KX)3 d (c1, c2) X ′ dB/gB (α, β)
1 72 0 (−1,−2) P(13, 3) (2) – (12 ,−3)
2 48 0 (−1, 1) X ′4 ⊂ P4 (2) 1/0 (
1
2 ,−2)
3 24 0 (−1, 4) X ′3 ⊂ P4 (2) 1/0 (
1
2 ,−1)
4 24 0 (−1, 4) S1(B4) ⊂ P4 (2) 4/0 (1,−2)
5 10 7 (2, 0) a.m. of X ⊂ P(OP2(2)⊕O
⊕2
P2
) 1/0 (1,−2)
6 12 6 (3, 3) a.m. of X ⊂ P(E) as in 3.10. or
a.m. ofX ⊂ P(OP2(2)⊕TP2(−1))
2/0 (1,−2)
7 4 8 (1, 0) X ′4 ⊂ P4 1/0 (1,−1)
8 6 6 (3, 6) X ′2,3 ⊂ P5 2/0 (1,−1)
9 2 10 (−1,−2) 2:1 over P3, ram. sextic – (1,−1)
10 4 8 (1, 0) 2:1 over Q3, ram. quartic 1/0 (1,−1)
11 2 8 (1, 1) 2:1 over P3, ram. sextic 3/0 (2,−1)
12 8 8 (1,−2) 2:1 over Ver. cone, ram. cubic – (1,−2)
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A.4. Blowdown to a curve. We use the notation of section 4; d/gC and d/gB
denote the degree and genus of C and B, a “–” indicates that D maps to a point.
By Vr,d we denote a Fano threefold of index r and degree d; a.m. stands for
anticanonical model and an “(M)” means that X ′ can be found in table A.1.
No. (−KX)3 Y d/gC X ′ d/gB (α, β)
1 2 V1,8 2/0 2:1 over P3, ram. sextic 5/2 (2, 3)
2 2 V1,10 4/1 2:1 over P3, ram. sextic 4/0 (2, 3)
3 4 V1,10 2/0 X
′
4 ⊂ P4 or
2:1 over Q3, ram. quartic
3/0 (1, 2)
4 6 V1,16 4/0 X
′
2,3 ⊂ P5 4/0 (1, 2)
5 6 V2,2 2/0 X
′
2,3 ⊂ P5 1/0 (1, 1)
6 8 V2,3 4/1 X
′
2,2,2 ⊂ P6 1/0 (1, 1)
7 2 V2,4 10/6 2:1 over P3, ram. sextic 5/1 (5, 3)
8 4 V2,4 8/3 X
′
4 ⊂ P4 or
2:1 over Q3, ram. quartic
4/0 (3, 2)
9 10 V2,4 6/2 (M) 1/0 (1, 1)
10 12 V2,5 8/3 (M) 1/0 (1, 1)
11 14 V2,5 6/0 (M) 2/0 (1, 1)
12 14 V2,5 6/0 (M) 8/0 (2, 2)
13 2 Q3 12/11 2:1 over P3, ram. sextic 6/3 (8, 3)
14 4 Q3 10/6 X
′
4 ⊂ P4 or
2:1 over Q3, ram. quartic
5/1 (5, 2)
15 8 Q3 10/8 X
′
2,2,2 ⊂ P6 1/0 (2, 1)
16 10 Q3 8/3 (M) 2/0 (2, 1)
17 26 Q3 5/2 a.m. of X ⊂ P(O
⊕2
Q3
⊕OQ3(2)) 1/0 (1, 1)
18 28 Q3 4/0 a.m. of X ⊂ P(O
⊕3
Q3
⊕OQ3(2)) 2/0 (1, 1)
19 4 P3 10/11 X
′
4 ⊂ P4 10/6 (10, 3)
20 6 P3 10/12 X
′
2,3 ⊂ P5 1/0 (3, 1)
21 8 P3 8/5 X
′
2,2,2 ⊂ P6 2/0 (3, 1)
22 18 P3 7/6 a.m. of X ⊂ P(O
⊕2
P3
⊕OP3(2)),
X = H1 ∩H2 is a c.i.
1/0 (2, 1)
23 20 P3 6/3 a.m. of X ⊂ P(O
⊕3
P3
⊕OP3(2)) 2/0 (2, 1)
24 22 P3 5/0 a.m. of X ⊂ P(O
⊕4
P3
⊕OP3(2)) 3/0 (2, 1)
25 r(r−r′)2H3 Vr,d rr′H3/
2+rr′2H3
2
(M) or hyperelliptic as in 1.6 – (r′, 1)
A.5. Blowdown to a point. We use the notation of section 5; d/gB denotes the
degree and genus of B; Vr,d is a (terminal) Fano threefold of index r and degree d;
a (2) means that X ′ is the image of |−12KX |; a.m. stands for anticanonical model.
No. (−KX)3 Y (E,−E|E) X ′ d/gB (α, β)
1 2 V1,4 (Q,O(1)) 2:1 over P3, ram. sextic 2/0 (1, 2)
2 2 V1,4 (Q,O(1)) 2:1 over P3, ram. sextic 8/9 (2, 4)
3 4 V1,6 (Q,O(1)) X ′4 ⊂ P4 or
2:1 over Q3, ram. quartic
6/4 (1, 3)
4 2 V1,20 (P2,O(2)) 2:1 over P3, ram. sextic 5/6 (
1
2 ,
5
2 )
5 8 V2,2 (P2,O(1)) 2:1 over Ver.c., ram. cubic 2/0 (1, 2)
6 8 V2,2 (P2,O(1)) 2:1 over Ver.c., ram. cubic 8/3 (2, 4)
7 16 V2,3 (P2,O(1)) a.m. of X ⊂ P(OP3⊕OP3(1)) (2) 6/1 (1, 3)
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